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A b s t r a c t  
In recent decades, a significant research has been carried out towards understanding 
the behaviour of plated beam. Initially designed to achieve a desired capacity, the 
plated beams prematurely fail in undesirable modes of failure, such as debonding and 
peeling. The uncertainty related with such modes of failure poses a real challenge 
towards quantifying them. This field is far from being clearly understood. Therefore, 
an attempt is made in this thesis to accurately predict the behaviour of adhesively 
plated beams. 
This thesis, titled “FE investigation of failure modes at the soffit of a steel plated RC 
beam”, introduces a novel approach to the FE modelling of an adhesively plated 
section to accurately predict all the modes of failure associated with the tension 
surface of the plated beam and the load of cracking. In particular, the major section of 
this thesis is contributed to study the influence of adhesive properties that have been 
constantly ignored and whose importance (to influence debonding failure) has been 
constantly undermined in wider literature. It is argued that the location of debonding 
crack can be controlled to appear within adhesive, contrary to the traditional view that 
restricted its scope to concrete only. In addition, a new approach is adopted to arrest 
the behaviour of failure modes, such as stress developments, with changing 
parameters. With this approach, it was possible to realise that the modes of failure can 
be controlled with parameters in terms of their sequence, load of crack appearance 
and load to form complete crack. Based on this, it was possible to clearly differentiate 
modes of failure based on their controlling factors and parameters. It was also 
possible to identify that the modes of failure mutually influence each other, that is, the 
formation of one mode of failure can affect the behaviour of another mode of failure 
in its vicinity due to stress-redistribution. 
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In addition to this, theoretical formulations are proposed to evaluate the desirable 
(non-prematurely failing) capacity of a plated beam (with non-linear material 
properties) and, the average width and average height of the flexural cracks. The 
theoretical approaches are used for verifying the non-linear numerical model, which is 
then extended to validate with the numerical model and literature. 
Considering the importance of beam parameters over failure modes and lack of 
sufficient and precise literature, the thesis extends to cover larger number of 
parameters to predict the behaviour of cracks. Based on this, it was possible to 
quantify modes of failure and identify the relative influence of each parameter on 
stress distribution, modes of failure and capacity of the beam. Whenever possible, the 
findings have been criticised in light of the literature. Analytically, it is noted that the 
altering a parameter within its practical range can also influence the choice of mode of 
first failure and its rate of propagation (individual and relative). 
Keywords: Retrofitting, RC beam, adhesive, debonding, peeling, premature failure, 
cohesive zone modelling, numerical modelling 
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C h a p t e r  1 :  I n t r o d u c t i o n  
1.1 Aims and scope 
The need for strengthening reinforced concrete beams may arise for several reasons. 
For example, deterioration of the beams with time and/or chemical attacks may cause 
reduction in its load carrying capacity. Apart from these, an updated design, for 
example to allow for extra loads, means that beam will need extra strengthening. The 
research area investigating the behaviour of plated beam dates back to the 1960s 
(Kajfasz, 1967 and L’Hermite, 1967). This research led to wide implications on 
practices in the concrete construction industry (Arockiasamy and Dutta, 1996, Oehlers, 
1992) and the first recorded case of the implementation of this technique was reported 
in Durban (South Africa) in 1964 (Dussek, 1980) when compensating for the 
accidental omission of the main steel reinforcement by the external steel plate in an 
apartment block (Dussek, 1980). Due to economic reasons and ease of erection while 
the structure is in use causing minimum change in the overall size of the structure 
after plating, along with the development of structurally effective adhesives, plating 
method has been widely used for strengthening of RC beams (Hamoush and Ahmad, 
1990b, Hussain et al., 1995, Oehlers, 1992, Oehlers et al., 1998, Swamy et al., 1987, 
Swamy et al., 1989). In order to strengthen and repair RC members the pioneering 
study of epoxy-bonded steel plates was carried out by L’Hermite and Bresson in 1967. 
After that, number of analytical (Adhikary et al., 2000, Teng et al., 2002, Smith and 
Teng, 2001, Ye, 2001, Raoof et al., 2000, Raoof and Hassanen, 2000), experimental 
(Hamoush and Ahmad, 1990a, Hussain et al., 1995, Jones et al., 1988, Oehlers, 1992, 
Oehlers and Moran, 1990, Roberts, 1989, Sharif et al., 1994, Swamy et al., 1987, 
Swamy et al., 1989, Zhang et al., 1995, Ziraba et al., 1994, Heathcote, 2004, Charif, 
1983, Oh et al., 2003b, Yao, 2004) and numerical (Coronado and Lopez, 2006, 
Coronado and Lopez, 2010, Godat et al., 2012, Teng et al., 2002, Chen et al., 2011, 
Alfano et al., 2010, Rahimi and Hutchinson, 2001) studies have been conducted with 
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an objective to investigate steel plated beams. However, the work of Godat et al. 
(2012) was mainly related to shear strengthening of RC beams. It is later shown in 
literature that plating considerably reduces flexural crack widths and beam deflection 
and it is noteworthy that these reductions are greater than what would be achieved by 
introducing internal reinforcement equivalent to that of the external reinforcement 
(Jones et al., 1988). But such studies showed that plate strengthening is unable to 
make use of their ultimate strength calculated theoretically due to occurrence of 
premature failures (see Figure 1.1). 
 
Figure 1.1: General behaviour of strengthened RC beam 
However, it is found to improve ultimate strength, increase flexural stiffness, and to 
reduce cracking and structural deformations as compared to unstrengthened beams 
(Swamy et al., 1987, Swamy et al., 1989, Sevuk and Arslan, 2005, Saadatmanesh and 
Ehsani, 1991, Almusallam and Al-Salloum, 2001, Jones et al., 1982, Jones et al., 
1988). 
The types of premature failures along the plate length are mainly due to excessive 
stress and strain concentrations at certain locations. Among different types of 
premature failures, failure at plate-end has been considered to be highly catastrophic 
in nature. However, inadequate information was found to indicate how the build-up of 
such stresses may be influenced with the choice of any geometrical or material 
parameter. Recently, the choice of solution approaches directed the research to find 
remedial measures for retrofitted beams (such as using angles and bolts) without 
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addressing such a gap into the role of different components, such as adhesive 
properties which is used as primary method of strengthening. For instance, the results 
put forth by Jones et al. (1988) and Hussain et al. (1995) showed that the end 
anchorage cannot totally prevent the premature failure rather they only resist the 
complete separation of the plate, but it should not be ignored that these authors have 
used epoxy-glue bonded plates alongside bolts as a strengthening technique and no 
investigation was provided into adhesive properties. Critical hints from literature 
concerning the role of medium of stress transfer between plate and concrete, that is 
adhesive, such as that of Macdonald and Calder (1982) showing effect of adhesive 
stiffness in controlling flexural crack spacing and that of Oh et al. (2003b) indicating 
effect of thickness of adhesive on failure load, which have been constantly ignored an 
extensive study and in particular within test literature. Therefore, one of the main 
objectives of the present study is to differentiate adhesive as one of the components of 
plated beam and develop a strategic numerical approach to deal with the research gap. 
Due to large amount of cost involved in conducting laboratory experiments many 
researchers have adopted and suggested methods to investigate into the issue via finite 
element modelling (Oh et al., 2003a, Yang et al., 2003, Arslan et al., 2008). As 
indicated in Chapter 2 and investigated further later in the current study, the fact that 
the parametric variations (geometric and/or material) play dominating role in 
determining the failure mode of plated/bolted beam. Varying any parameter causes 
unpredictable stress variations which cannot be extensively accessed through 
conventional experimental setups. It, therefore, becomes necessary to establish a 
logical methodology to conduct parametric analysis to establish governing factors for 
premature failure of plated beam and compare them according to relative sensitivities. 
This would further help in putting forth the recommendations for different plating 
methods. In addition to economic reasons of FE modelling against experimental 
testing for conducting the parametric study, it was made possible to peek into areas 
not extensively possible through laboratory tests such as stress-strain distributions, 
damage, accurate control of boundary conditions, full control over known and 
unknown parameters and accuracy of results. 
In this study, analytical procedures are proposed through numerical implementation in 
order to characterise and predict the bond behaviour of concrete-epoxy interfaces 
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based on adhesive properties and to distinguish it with the rebar-concrete interface 
failure (peeling) at plate end. The flexural cracking in concrete (different from 
interfacial cracks) is compared through adopting the simple procedures of recording 
the development of strain(s) on critical regions. As the study focuses on the 
parametric influence on modes of failures, the analytical approach is focused on 
cohesive damage modelling to predict interface cracks and its dependency on 
adhesive properties. In order to validate the modelling approach the numerical results 
are compared with experimental observations from numerous literatures across varied 
parameters both in terms of material and geometric variations. In addition, non-linear 
theoretical models are generated to compare the theoretical capacity of beam and 
development of flexural crack. In particular, the capability of simple yet aim 
accomplished numerical model to predicting the sequence of modes of failures, strain 
distributions and capacity of section against test data is explored. The theoretical 
behaviour of flexural crack is also compared with test data and numerical model. 
Having obtained the accuracy of the model, intensive parametric studies were carried 
out and final conclusions were drawn on analytical discussion of results. 
Therefore, the aims and objectives of this study can be outlined as follows: 
Project Aim: Develop approaches to explain and control the modes of failure at soffit, 
particularly debonding. 
Objective(s): 
- Develop FE model to accurately capture all modes of failure at soffit to investigate 
the choice of parameters (particularly adhesive) 
- Identify and quantify the factors associated with the uncertainty of failure modes, 
through parametric and stress-distribution study 
- Propose recommendations to mitigate and/or predict premature failure(s). 
The aim(s) and objective(s) are covered in this thesis in the form of following 
chapters briefed below. 
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1.2 Contents 
In the light of available literature, Chapter 2 highlights the progress of researchers 
concerning the behaviour of adhesively plated beams. In addition, the research gaps in 
the literature that needed further investigation are outlined. The main issues attached 
with the behaviour of prematurely failing beam are discussed, such as failure modes. 
The techniques to employ mitigation of premature failures are indicated. Role of 
available parameters in affecting the behaviour of the beam have been reviewed based 
on the available data base of literature and the gaps identified. 
The aim in Chapter 3 is to explain the basic techniques (materials, models and 
methodology) used throughout the project. Various aspects based on the choice of 
available material models in ABAQUS for modelling reinforced concrete, adhesive and 
steel are described. A novel approach used to capture the cracks at the concrete-
adhesive interface of plated beam, while considering the material properties of the 
corresponding components before crack, through the technique of cohesive-zone 
modelling is also described. In addition to this, theoretical formulations have been 
proposed to evaluate the desirable (non-prematurely failing) capacity of a plated beam 
(with non-linear material properties) and the average width and average height of the 
flexural cracks. 
In Chapter 4 a finite element model of a plated beam has been developed and 
simulations are carried out. The results are validated against available literature and 
through the development of theoretical models. Such theoretical models constitute non-
linear models to determine the theoretical capacity of a beam and the typical properties 
of flexural cracks, such as crack width, length and fracture energy. The theoretical 
models are also validated against literature. Crucial findings have been summarised at 
the end of study. With the effective tool models ready, the parametric studies could now 
be carried out. 
In Chapter 5, based on the numerical model validated in the previous chapter and the 
related models, the material parameters of the components of beam are investigated 
within a practical range to fill in the major gaps in literature, such as the development 
of stresses, modes of failure and their behaviour. The findings are compared with the 
available literature and results are discussed in depth. 
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In Chapter 6, in a similar pattern to previous chapter, the geometrical parameters of 
the components of beam are separately investigated within a practical range to fill in 
the major gaps in literature, such as the development of stresses, modes of failure and 
their behaviour. The findings are compared with literature whenever possible and 
results are discussed. 
With the available results through the parametric studies on numerical model, an 
analysis discussion is made in Chapter 7 to compare the relative behaviour of each 
parameter on the brittleness of the premature failure. 
And the conclusions are drawn in chapter 8 with an indication to future work in 
Chapter 9. 
 
  
 
C h a p t e r  2 :  F a i l u r e  m o d e s  a n d  b e a m  
p a r a m e t e r s  
2.1 Introduction 
This chapter highlights the progress of researchers concerning the behaviour of 
adhesively plated beam. In addition, the research gaps in the literature that needed 
further investigation are outlined. The main issues attached with the behaviour of 
prematurely failing beam are discussed, such as failure modes. The scope and 
effectiveness of mitigation techniques employed to avoid premature failures are 
indicated. Role of available parameters in affecting behaviour of beam have been 
reviewed based on the available database of literature and the gaps are identified. 
2.2 Failure Modes and Stress Distribution, and Mitigation techniques 
2.2.1 Failure Modes 
A bonded or retrofitted concrete section/beam is prone to catastrophic premature 
failures mainly due to relatively weak strength of concrete. Particularly, the premature 
failures, among ordinary failures, associated with retroffited RC beam have attracted 
attention of researchers. Premature failures are undesirable failures that cause the 
collapse of the beam before it can achieve its designed capacity. With the retrofitting 
of RC beam at soffit, interface failure and peeling failure have been main concern of 
researchers due to the brittle nature of failure. Interface modes of failure are critical to 
composite adhesive-concrete surface created during installation. Similarly, peeling 
failure is deemed as highly undesirable due to its catastrophic rate of propagation; 
however, the controlling factors for premature failures are largely unknown. Due to 
the number of factors influencing modes of failure, it is necessary to identify and 
characterise these modes of failure before a solution can be proposed. 
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Whenever a concrete surface is repaired using adhesively bonded external plates it 
forms two interfaces: adhesive-steel interface and adhesive-concrete interface. Among 
these, the weak interface is adhesive-concrete interface as the failures are usually 
critical to properties of concrete along with numerous controlling factors. In addition, 
other critical failure includes peeling. Although, experimental literature identified 
such modes of failure, they cannot record the development of stress and strain at 
critical regions of failure. In the current knowledge of author, due to the complexity of 
non-linearity involved, theoretical approaches failed to develop a comprehensive 
model to identify such modes of failure. 
As discussed later, the experimental tests on plated beams reported in the literature 
have identified a number of possible modes of failures. Failure modes in tensile 
region of 4 point loading problem can be broadly put into following categories: 
- Interface failure at mid-span (premature brittle failure unique to plated beam) 
- Interface failure at plate-end (premature brittle failure unique to plated beam) 
- Cover rip-off at plate end (premature brittle failure unique to plated beam) 
- Steel yielding- external, internal or both (desired mode of ductile failure) 
Other modes of non-premature and brittle failures include failure of compression 
concrete and shear failure of the section critical to material properties and shear 
reinforcement. Such modes of failure are not specific to tension side of the plated 
beam and they have been excluded from the study. 
The modes of failures in relation of their failure type, location and propagation with 
regards to plated beam can be schematically summarised in Figure 2.1. Generally, 
different modes of failures are originated as a consequence of two types of cracks (see 
Section 2.2.2), that is, interfacial crack and flexural crack depending on the nature of 
stresses. Figure 2.1 highlights two types of failures that can occur at the same location 
at plate-end, which is, debonding due to interfacial crack and peeling due to flexural 
crack. 
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Figure 2.1: Premature failure modes on plated RC beam at soffit for arbitrary 
position of point load (1) Peeling, (2) Diagonal crack in tension-DC, (3) 
Flexural crack-FC, (4) Pure flexural crack-PFC, (5) Interface cracking-
Debonding 
Before modes of failures are categorised it is particularly important to define 
debonding and peeling failures in relation to interfacial and flexural cracks 
respectively. Debonding occurs when crack(s) develop along the adhesive-concrete 
interface. The fact that this type of crack is found to propagate within concrete only is 
argued in present thesis. Peeling is spotted at plate-end region mainly as a 
consequence of unusual (and isolated) formation of flexural crack at plate-end and its 
subsequent propagation. Therefore, after the propagation of major modes of failures is 
understood, the different types of failure can now be outlined next based on their 
location of formation and further propagation. 
Central-span debonding (cracks 3 and 4 shown in Figure 2.1) for flexural and pure 
bending respectively, with load at position “a”. Theoretically represented by Oehlers 
et al (2003), that crack 3 forms mainly in regions having maximum combined effects 
of bending and shear stresses (that is, at the soffit at the location of point load), while 
crack 4 is  mainly due to dominance of flexural stresses. Both cracks develop to lead 
to interfacial crack propagating outwards, for example, beam URB2 by Jones et al. 
(1982). Increase in load-deflection ductility, that is, a plate with higher width to 
thickness ratio curtailed close to supports while having large shear span comprises to 
some of the favourable factors for such a failure mode. 
Debonding Peeling 
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The material properties of interface are investigated in this thesis (in Chapter 5) to 
study the propagation of FC and PFC leading to interfacial crack. 
Peeling (crack 1 in Figure 2.1) crack is a consequent result of flexural crack at plate-
end. It further propagates upwards to meet the location of tensile rebars to rip off the 
concrete cover along the shear span. Example in pure bending (with load position at a') 
include beams designated as 7/2/* and 8/2/* (Oehlers, 1992); FP-S-5 (Mohamed Ali 
et al., 2001); SP-A (Teng and Yao, 2007). Examples with load position at “a” in 
Figure 2.1) include (Smith and Teng, 2002b, Smith and Teng, 2002a, Teng et al., 
2003, De Lorenzis and Zavarise, 2009, Alfano et al., 2005, Mahjoub and Hashemi, 
2010) Teng et al (Teng et al., 2002), Oehlers DJ (Oehlers, 2001), Mohamed Ali 
(Mohamed Ali et al., 2001), Oehlers and Moran (1990), Jones et al. (1982). Plates 
curtailed at regions of high flexural stress (that is, further from support) favour 
peeling and debonding at plate-end (Smith and Teng, 2002a, 2003). Debonding, 
identified by Teng et al (Teng et al., 2002) and pointed out by Teng & Yao (2005) 
occurs with comparatively thinner plate as the favourable condition. Whichever being 
the case, crack propagates inwards from plate end. 
Debonding (crack 5 in Figure 2.1) due to diagonal crack (DC) within shear-span 
(crack 2 in Figure 2.1) occur due to the formation and propagation of diagonal/shear 
crack(s). For example, beam FRB2 (Hussain et al., 1995). The behaviour of this crack 
may vary based on RC beam with or without shear-stirrups (Oehlers et al. (2003) and 
Yao (2004), Oehlers (2001) respectively). Therefore, for beams with low shear 
capacity, this type of crack may also result into failing as a concrete block due to 
major diagonal crack. 
Peeling failure can be easily visualised but not easy to quantify (Saadatmanesh and 
Malek, 1998); therefore, an intensive study into the stress distribution system was felt 
necessary that can classify such a mode of failure with respect to other failure modes. 
This could be achieved with the development of FE model as a tool; unlike the work 
of Jumaat and Alam (2008), Adhikary and Mutsuyoshi (2002), Arslan et al. (2008), 
Oh et al. (2003a), Ziraba and Baluch (1995), cohesive element (covered in Chapter 3) 
foundations have been used to capture, differentiate (for example, between PE 
debonding and peeling) and classify various modes of failure (that is, peeling from 
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debonding). In addition, the location of formation and the direction of propagation of 
cracks are also captured in present thesis using a commercially available FE package 
ABAQUS (version 6.10-1). With this approach, it was possible to quantify various 
modes of failure (including peeling) by capturing the development of stresses and 
strains with change in parameters (covered in Chapter 5 and Chapter 6). It was 
possible to categorise the relative influence of each parameter on different modes of 
failure (covered in Chapter 7). 
Interface crack and debonding (crack 5 in Figure 2.1) have been another main cause 
of premature failure after peeling. This sort of failure occurs within concrete very 
close to the adhesive-concrete interface, which may be due to surface properties of 
concrete substrate. However, the present modelling approach of debonding crack 
made it possible to argue and control the location (other than concrete) of formation 
of this crack for the first time. While investigating the effect of material  properties of 
covercrete in unplated beams, Kim et al. (2005) noted that repairing concrete cover in 
tension by Ductile Fiber Reinforced Cementitious Composite (DFRCC) avoided 
debonding of concrete cover as the rebars absorbed the shear stresses at DFRCC-
concrete interface, while the debonding within concrete occurred when the repaired 
area exceeded cover thickness. This was a similar type of crack except different 
material was used to design covercrete. From his investigation two important points 
can be noted in regards with current study: firstly, due to the weak shear capacity of 
concrete and good shear absorbing capacity of reinforcements (rebars in his case), the 
repaired interface should strictly lay along the rebars. Secondly, based on such 
observations it can be established that if the replacing cover material has better shear 
capacity and tensile strength, this might avoid debonding and peeling failures in 
soffit-plated section. The advantage of replacing the cover with new material carries 
importance as far as removal of carbonated surface is concerned prior to plating in old 
structures; as this might cause favourable conditions for rusting (of steel) if not 
removed. In light of plated beams, the flexural cracks in covercrete may lead to 
debonding of plate and/or peeling. Peeling can propagate further to rip off the layer of 
covercrete at the location of rebars. In relation to present problem, this gap in 
literature would be further investigated by investigating the material properties of 
concrete cover on the behaviour of cracks and capacity of beam. Coronado (2006) 
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specifically dealt with peeling mode of failure for FRP plated RC sections using 
Damage Band approach (smeared cracking) in ABAQUS. However, the drawback of 
Damage Band approach is that it is complex and case sensitive, that is, it needs new 
set of experimental data (load-slip relationship for interface) and revaluation for 
changing geometry of beam. His approach was able to roughly predict the location of 
cracks in concrete; however, his approach was not robust in terms of identifying wide 
role of material and geometrical properties on causes and behaviour of failure modes. 
These issues are addressed in present study. 
Significance of Pre-cracks 
In practice, before retrofitting, cracks (mainly flexural) are already in existence. 
Therefore, this section also forms an important part of literature review in terms of 
determining the role of pre-cracks on failure modes and the capacity of beam. A 
number of studies (Arduini and Nanni, 1997, Meier and Kaiser, 1991) were conducted 
that considered zero load at time of plating, while others (Hussain et al., 1995, Jones 
et al., 1982, Macdonald and Calder, 1982, Swamy et al., 1987, Sebastian, 2002) 
decided to study the impact of pre-cracks on the efficiency of plated beams. In case of 
serviceability repair work, it was therefore felt necessary to identify what differences 
pre-existing cracks can make in terms of premature failure of beam. It was mainly 
observed that pre-existing cracks mainly lie within the flexural span; therefore hardly 
any crack would pre-exist at plate end prior to retrofitting with a reasonable plate 
length. 
Oehlers and Moran (1990) concluded that the peeling strength was found to be 
independent of the previous loading history of the beam, on the initial curvature of the 
beam, and the method of clamping the plate to the beam on gluing. Macdonald and 
Calder (1982) and Sebastian (2002) reported that when mild-steel plates (high 
ductility plates) are used then the flexural capacity of the plated beam is insensitive to 
pre-existing cracks. However interestingly, according to Sebastian (2002), pre-
existing cracks affect the ductility of the plated beam. His research showed that higher 
pre-existing cracks leads to higher reduction to desired ductile failure mode. For 
instance it was pointed out that 60% reduction in moment-curvature ductility plateau 
was observed due to high pre-existing strain. As such, in terms of ductility, 
consideration of pre-existing cracks (large cracks) becomes crucial when thicker 
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plates are used. Therefore, due to such uncertainties in the magnitudes of the pre-
existing strains, cracked beam is assumed to be jacked up before plating. However, 
according to Macdonald and Calder (1982), the flexural tests on beams plated as-cast 
or plated pre-cracked (both with identical plates) merged their load verses deflection 
behaviours after increased loading. This indicated that the addition of the plate to the 
pre-cracked beam had an immediate and full recovery effect similar to the plated 
uncracked beam prior to failing prematurely or in flexure. Therefore, eventually no 
direct or indirect effect(s) of pre-cracks were observed on modes of failure(s) and 
capacity of plated beam. 
2.2.2 Critical stresses and strains 
It was observed in literature that the appearance of a particular mode of crack may not 
necessarily be a reason of failure. For example, beam URB2 (Jones et al., 1982) noted 
interfacial cracks at mid-span, however failed in plate yielding as first mode of 
complete failure. This indicates that the modes of failure have different rate of 
propagation. This gap in literature is identified in this study. 
The main types of modes of failure can be rearranged into two groups as flexural 
cracks and interfacial cracks, so that the formation of stresses and strains and their 
influence on sectional behaviour can be clearly distinguished. Beforehand, it is 
important to distinguish debonding and peeling in detail. 
Debonding and Peeling 
In practice, flexural design is carried out using the design recommendations of BS 
8110 (BSI, 1985), EN 1992 (Eurocode 2, 2004) and ACI 318 (2002) assuming full 
bond between the concrete and the steel plate, the designer should check for 
anchorage failure caused by peeling and debonding (Jones et al., 1982, Oehlers, 1992, 
Zhang et al., 1995). Therefore, the perfectly under reinforced design section should 
fail at its full capacity due to steel yielding. However, debonding and peeling are 
undesirable failures due to which the full capacity of the section in flexure cannot be 
utilised. 
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Peeling 
Peeling failure is different from debonding. Peeling has been shown to have no 
counterpart in ordinary R.C members (Baluch et al., 1995), although such 
observations were based on studies considering a limited number of parameters. 
In their review on wide range of work, Smith and Teng (2002a) concluded that 
peeling initiates from an almost vertical crack (flexural crack) at plate-end within 
concrete-cover and transfers to horizontal direction as it propagates along the rebar(s) 
location which may be due to discontinuity of concrete. This interface is called as 
rebar-covercrete interface in present numerical model. Peeling failure propagates 
further from plate end to cause concrete cover delamination or rip-off. The behaviour 
was further restrained by Oehlers (2001). Peeling is initiated by cracks formed within 
the tensile concrete cover at the region where retrofitted plate is curtailed. It is clear 
that this crack is mainly due to the high concentration of stresses at plate-end due to 
geometrical discontinuity; however, how peeling is affected due to wide range of 
parameters is largely unknown. Experimental investigations were carried out by 
Charif (1983) that made attempts to identify stress and strain distribution at soffit with 
varying plate geometry. In the current knowledge of author, no numerical study is 
found do conduct a relative comparison of the factors effecting peeling and debonding 
failures. In recent study, Radfar el al. (2013) used 3-D FE modelling to specifically 
simulate peeling failure. While their study could not capture debonding failure and the 
effect of material properties of adhesive was also ignored along with other wide range 
of parameters. He considered total interaction and no-slip at plate-concrete interface. 
This gap in literature is captured in present study FE mode. 
The existence of the axial strain and the curvature in the concrete section causes the 
stress variation at the free plate-end glued to soffit. Jones et al. (1988) experimentally 
shows that such stress variation increases with the increase in axial strain (that is, 
towards the centre in case of 3 or 4 point loading problem) and mid-span deflection. 
The differences in stress along the interface may be responsible to cause debonding 
failure. While, increased deflection may also cause flexural cracks (at mid-span and 
plate-end) and yielding of steel. This has also been indicated by Sebastian (2001). 
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Mid-span debonding 
In the flexural region of the beam, intermediate cracks shall appear in the concrete 
substrate and the debonding would initiate at the toes of these cracks propagating 
outwards from high bending region to lower. It is observed that the crack will travel 
through the plane very close to concrete-plate interface involving no concrete 
aggregate in the fracture plane. Sebastian (2001) pointed out the importance of 
realising this mode of failure as it may cause mid-span debonding which is a self-
propagating process. As the present FE model can capture such developments, the 
study is extended to study the behaviour of interface (crack) for different material and 
geometrical properties of adhesive layer. It was important as a literature has largely 
involved the use of only stiff adhesive and insignificant insight was given on the use 
of relatively soft adhesives available in the market. 
 
 
Figure 2.2: Propagation of flexural crack along plate length 
The propagation of flexural crack may affect its vicinity as indicated in Figure 2.2. As 
the tensile strength for concrete has exceeded, localised crack has formed (see Figure 
2.2). This results the stress transfer to steel plate (through adhesive) and the rebar(s). 
It should be noted that the presence of adhesive layer does not contribute towards 
sectional strength in general; rather it is responsible for localised stress distribution 
within its vicinity. The noteworthy is the fact that a flexural crack (within plate length) 
can lead to interfacial crack. Such flexural cracks have also been held responsible to 
cause localised yielding of reinforcement(s) (Simonelli, 2005). It is not clear whether 
Plate Rebar(s) 
i) Flexural crack 
ii) Interface crack (conditional) 
Yield point (conditional) 
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the formation of flexural crack and its propagation to lead to self-propagating 
interface crack depends on the properties of interface (adhesive and/or covercrete) and 
how such material control the stresses. This gap is identified in present work. 
Plate end interfacial debonding: 
Theoretical procedures (De Lorenzis and Zavarise, 2009) have also been proposed to 
investigate PE debonding, but such approaches did not quantify for complex non-
linear material properties of the composite system. De Lorenzis and Zavarise (2009) 
have made an attempt to present a non-plane cross section of plated beam through a 
theoretical cohesive zone model that considered the effect of bond softening with 
increase in load to model debonding. 
 
Figure 2.3 Interfacial shear stress distribution in linear elastic fracture 
mechanics (LEFM) (after Lorenzis and Zavarise, 2009) 
Figure 2.3 captured by De Lorenzis and Zavarise analytical model (De Lorenzis and 
Zavarise, 2009) for linear elastic material indicate the idealised development of 
interface shear stresses at plate end for conditions of debonding. 
In real conditions, the interface 
debonding failure might also 
occur at this region and cannot 
be captured by LEFM model. 
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However, the nonlinear cohesive behaviour of delamination in normal direction 
(mode-II) was ignored. And as such only single mode of failure was considered while 
in practice the interface undergoes a mixed mode failure. Therefore, such models 
ignored the effect of properties of interface in normal direction based on common 
assumption that normal properties do not play significant role in debonding. Current 
analytical investigation would accommodate and analyse the significance for such a 
research gap by considering mixed-mode behaviour at interface. 
Teng et al. (2002), compared his FE model with the theoretical model of Smith and 
Teng (2001). They found that the peak interfacial stresses (in normal and shear 
directions) occur near the plate end (and not plate end); while the peak analytical 
stresses suggested by Smith and Teng (2001) occur at the plate end. The relative 
difference in his results increased with the increase of the adhesive thickness. His 
finite element model indicated zero shear stress at plate end. Therefore, in order to 
identify areas of peak (and minimum) stresses, the development of stress distribution 
along the length of the beam has been investigated in this study. The 3D FE model by 
Ascione and Feo (2000), mainly adopted for predicting the shear and normal stresses 
in the adhesive layer of the plated RC beam, largely agreed with the experimental test 
observations of Jones et al. (1988). Their FE model further confirmed that the 
concentrated stresses develop near the plate ends. Again it was seen that such 
behaviour of stress variation (particularly at the plate ends) as compared to real 
scenario does not emerge in analytical simplifications of Roberts (1989), Roberts and 
Haji-Kazemi (1989) and Oehlers (2001). 
In the current knowledge of author, no study is found that can quantify peeling and 
debonding based on beam parameters in terms of their rate of propagation and load of 
failure. And, therefore, there is clear lack of understanding to predict possible mode of 
failure and how their propagation can be controlled. This gap is identified in present 
study. Some mitigation techniques have been implemented in recent years to avoid 
premature failures as discussed next. 
2.2.3 Mitigation techniques 
Some suggestions have been found regarding mitigation techniques to avoid 
premature failures related to experimental tests. ACI Task Group consensus as of 
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November 2005 confirmed the fact that mitigation of debonding is complex in that the 
behaviour of concrete-plate interface is complicated by the prevalence of mixed mode 
stresses and the specific characteristic of the composite strengthening system. 
Extending the plate near to the supports (in regions of minimum moment) is a 
mitigation trick that relaxes the mixed mode debonding stresses at plate-end 
(Sebastian, 2001, Brosens and Van Gemert, 2001). Whereas, Brosens and Van 
Gemert (2001) also stated that the requirement of increased plate thickness would 
increase normal stresses at interface, thereby stressing the need to the adaptation of 
proper anchorage. Using U-shear strips was an attempt to resist failure at plate-end. 
With the use of stirrups and side plates, Jones et al. (1988) and Oehlers (2001), have 
also demonstrated the travel of shear cracks across the shear stirrups that might 
prevent the composite section to reach its designed capacity due to buckling or self-
peeling of side plates. Additionally, the aesthetic requirements might not allow 
implementation of side plates. It is noteworthy that the tests have shown that stirrups 
do not significantly accomplish their requirement of increasing the resistance of the 
beam to debonding of side plates associated with shear load (Mohamed Ali et al., 
2001, Oehlers, 2001). The lack in effectiveness is due to the fact that the stirrups 
cannot be fully engaged until they are stretched, by then a shear crack will have 
already appeared that can initiate debonding of side plates. Strengthening the section 
in shear capacity is a different area of study and outside the scope of current 
investigation. Other usual forms of anchorage systems, such as bolts at plate ends, 
have been considered as a different area of investigation due to the different modes of 
failures and their behaviour. Largely, plate end anchorages have been ineffective to 
avoid debonding. Therefore, a novel approach is applied in this study to study the 
behaviour of interface. Other methods like plate end tapering and multiple numbers of 
plates have also been seen to be ineffective in avoiding premature failure as also 
demonstrated by Mohamed Ali et al. (2001) and Jones et al. (1988). Interestingly, 
some studies have indicated relation between failure modes and beam parameters; for 
instance, generally higher span-to-depth ratio have been found to mitigate failure at 
PE while giving rise to interfacial cracks at mid-span (Oh et al., 2003a, Oh et al., 
2003b). This pushed a need to thorough investigation in this study both to validate the 
literature and extend to new parameters. 
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Coronado and Lopez, 2006, Coronado and Lopez, 2010, Godat et al., 2012, Teng et 
al., 2002, Chen et al., 2011, Alfano et al., 2010, Rahimi and Hutchinson, 2001 made 
attempts to study the behaviour of plated section in debonding and study the effect of 
limited number of beam parameters through numerical approaches. The role of 
various parameters on the behaviour of beam can be identified in literature as follows 
next. 
2.3 Parameters and their role in the behaviour of plated beam 
Plate debonding and concrete cover failures (such as peeling) have been particularly 
important mode of failures due to their uncertain and brittle nature. The material 
parameters include tensile strength of concrete 𝐺𝑡, compressive strength of concrete 𝐺𝑐, 
elastic modulus of concrete 𝐸𝑐  fracture energy of concrete 𝐺𝑓𝑐 , elastic modulus of 
adhesive 𝐸𝑔 , shear modulus of adhesive 𝐺𝑔 , shear strength of interface 𝑏𝑠° , normal 
strength of interface 𝑏𝑛° , fracture energy of adhesive 𝐺𝑓𝑔 ; while the geometrical 
parameters include beam depth 𝐷, adhesive thickness 𝑏𝑔, plate length, plate thickness, 
plate width, shear span to depth ratio (𝑖/𝑑), plate width to thickness ratio (𝑏𝑝 𝑏𝑝⁄ ) and 
load position. These parameters have been defined in more detail later on in this study. 
The characterisation of failure modes based on primary (controllable) and secondary 
(existing) parameters are discussed next. Later on, the parameters are categorised into 
material and geometrical properties. 
2.3.1 Primary or controllable parameters 
Primary parameters are geometrical and/or material parameters influencing mode(s) 
of failure that can be controlled directly before a section can be retrofitted with a plate, 
such as the properties of the adhesive and that of the plate. 
The influence of such parameters on the behaviour of composite section (such as 
adhesively plated RC beam in the context of the current problem) has been reported in 
the literature and is reviewed here. This includes full scale tests, analytical models, 
empirical approaches and numerical investigations including the use of finite element 
modelling. This review is to conclude how the mode(s) of failure can be controlled 
mainly through primary (controllable) parameters. 
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Effect of plate geometry 
Plate thickness 
Oh et al. (2003a) indicated that in a problem with loading in purely transverse 
direction, the shear strength at the interface increases as the plate thickness increases. 
The reason given for this is that the thicker plate leads to a smaller longitudinal strain 
at the same load levels and consequently leading to lesser shear stresses at the 
interface. However, their observation was restricted to loading in single direction to 
generate shear stresses at interface; whereas, 4 point loading is a mixed mode 
mechanism where stresses interact from more than one direction on a single entity as 
a result of bending and shear stresses. The observations would be clarified in this 
study in more detail. This explanation is further supported through experimental 
observations made by Jones et al. (1995) that at a given load the built-up of strain 
along the plate increases as the plate thickness is reduced. This increases the ductility 
of beam and might achieve the desirable yielding failure with relatively thinner plate. 
Theoretical and statistical formulations of Raoof et al. (2000) indicated that the use of 
thicker plate would lead to reduction in the ultimate peeling capacity of a beam as the 
direct stresses generated in the plate are inversely proportional to its thickness. 
Hussain et al. (1995) noted that the ductility of a beam will decrease as the gross-
reinforcement ratio is increased, and argued that this causes the failure mode to 
change from a ductile flexural mode to a highly brittle shear failure. The latter is 
caused by the shear and peeling stresses at the location of the plate curtailment. He 
also noted that as the plate thickness increased (from 1 mm to 1.5 mm) there was a 
tremendous drop in ductility mainly due to the change in the mode of failure from 
pure flexural to partial flexural. 
It should be noted that the plate area has an important effect on pre-cracking 
behaviour as discussed earlier in Sec 2.2.1. The results of this research revealed that 
an optimum plate thickness exists that maximises the strength of the repaired beam. 
However, such a maximum thickness of plate needs to be identified in this study that 
avoids premature failures before yielding such as debonding at plate end and peeling. 
Oh et al. (2003b) also demonstrated that beams with thicker plates will have more 
interfacial cracks and had larger plate separation at failure. However, he noted that the 
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central displacements and the strains in tensile and compressive rebars all decrease 
when a thicker plate is used. Another study by Teng et al. (2002) used a numerical 
model to report an increase in interfacial stresses with the increase in plate thickness 
(where the width of plate was kept same for all cases). 
The conclusion by Oh et al. (2003a) were based on pure shear tests where load is 
applied in transverse direction. However, Hussain et al. (1995) and Raoof et al. (2000) 
considered a beam in bending so that at the interface(s) there is the presence of both 
normal and shear stresses primarily within the shear-span as explained earlier. Such 
problem is named as mixed mode problem that combines the contribution of both 
types of stresses at interface to determine the resultant behaviour of the interface. 
However, due to lack of literature and inability of experimental tests, this area needs 
detailed investigation at interface of failure. In present thesis, this objective is fulfilled 
by studying separately into the properties of interface in transverse and normal 
directions. This approach will help to identify the contribution of such properties (in 
two separate directions) to a mixed mode failure at interface (such as, debonding). By 
monitoring the interfacial stresses in each direction, the effect of other properties of 
beam at interface can be clearly understood, for example, in terms of any possible 
changes in the modes of failure or load of initiation of crack. 
Plate width to thickness 𝑏𝑝 𝑏𝑝⁄  ratio 
Oehlers and Moran (1990) concluded with experiments that beams plated over part of 
their width were found to have an increased flexural peeling strength. Macdonald and 
Calder (1982) found through experiments that while keeping the thickness of the plate 
constant a progressive flexural (soft) failure can be achieved by using a wide plate. 
Although it was identified by Macdonald and Calder (1982), however their 
observations on test data indicate that the effect of using low 𝑏𝑝 𝑏𝑝⁄  ratio produced 
slightly stiffer beam with increased load (with the initial stiffness remained same). 
Beams with same plate cross section area failed prematurely in plate-end debonding 
for lower 𝑏𝑝 𝑏𝑝⁄  ratio; and beam with higher 𝑏𝑝 𝑏𝑝⁄  ratio failed in yielding. Clearly, 
the use of plates with larger 𝑏𝑝 𝑏𝑝⁄  ratio is advantageous. Meanwhile, in light with the 
previous discussion on plate-thickness, it was surprising to note that some beams with 
higher plate cross-section area failed in yielding (namely beams 4, 5 and 8) compared 
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to beams with relatively lower cross-sectional area that failed through horizontal crack 
(namely beam 13). It is because, based on limited literature, increase in plate cross-
sectional area is largely associated with leading to premature failure from plate-end. 
In addition, the beams with 𝑏𝑝 𝑏𝑝⁄  ratio of 24 did not have a common agreement with 
some failing in yielding (beams 4, 5 and 8) while others in plate-end debonding 
(beams 3, 6 and 7 respectively) for same conditions; this may indicate a critical ratio. 
Oehlers and Moran (1990) suggested an optimum value of about 60 in order to 
combine the maximum increase in ultimate load with a progressive flexural failure. 
This optimum ratio is also supported by experimental observations of Jones et al. 
(1988), BA (1994) and McDonald (1982). Whereas, Swamy et al. (1987) 
recommended that the width to thickness ratio of the bonded steel plates should not be 
less than about 50. In addition, Raoof et al. (2000) indicated theoretically that the 
increased plate-width (while keeping constant plate thickness) led to improved 
peeling moment capacity of the beam. It is not clear from their study that if this 
behaviour can be related with the effect of plate’s 𝑏𝑝 𝑏𝑝⁄   ratio on the stress 
redistribution over the adjacent surfaces of adhesive and concrete; this need further 
investigation and can be achieved with the use of present FE model. However, in the 
discussion by Swamy & Mukhopadhyaya (1995) on the experimental results of 
Hussain et al. (1995), it was intriguingly noted that the 𝑏𝑝 𝑏𝑝⁄  ratio of 60 was in 
contradiction with the beam specimen(s) of Hussain et al. (1995) that prematurely 
failed at larger 𝑏𝑝 𝑏𝑝⁄   ratio of 67. It was also suggested that such discrepancies in the 
results might be due to the different sectional size (span and cross section) chosen by 
Hussain et al. (1995). Therefore, the fact that it is not only the 𝑏𝑝 𝑏𝑝⁄  ratio but also the 
variation of other parameters has a crucial role in defining the ultimate load and mode 
of failure of a plated beam is covered in this study with the consideration of wide 
parameters. Jones et al. (1995) showed that when a thick plate (𝑏𝑝 𝑏𝑝⁄  < 40 for mild-
steel) is used failure can occur by horizontal shear cracking and plate separation 
starting at the plate ends, that is, it will not be a failure caused by bending. 
The high cost of experimental investigation meant that, so far, such important issues 
have not been fully clarified. Therefore an attempt has been made in the current study 
to investigate these issues in depth. In addition, the above studies did not clarify how 
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the 𝑏𝑝 𝑏𝑝⁄  ratio may affect the mode of failure, whether it is interface-peeling or 
cover-debonding. Therefore, this important issue has been investigated in the current 
study using additional parameters (such as adhesive properties) to those reported in 
the literature. 
Effects of adhesive and interface 
The adhesive material is used primarily to adhere the external plate to the concrete 
beam to achieve a composite section. Therefore, the choice of its mechanical 
properties is expected to have a large influence on the interaction between the plate 
and the beam. 
Different types of adhesives, with varied material properties, have been used in tests 
for fixing a plate to a concrete beam, as reported in the literature. However, 
insufficient literature is found on the influence of the properties of the adhesive 
material on the observed modes of failure or on the failure load. In terms of 
experimental tests, it is expected that such an in-depth investigation cannot be carried 
out due to high cost and inability to measure fine details such as accurate stress-
distribution within adhesive; however, the indirect stress-distribution along the 
surface is usually evaluated using strain developments captured through strain gauges. 
In the present knowledge of author, no literature was found to investigate such an 
approach through finite element modelling; rather the approaches were ineffective in 
providing an overview of problem in terms of wide range of parametric investigation. 
In terms of stiffness of adhesive (shear or normal), an extensive study is lacking in 
this regard in literature (both experimental and numerical). It was found that, 
relatively stiffer adhesives have been considered in literature mainly due to the 
understanding that stiffer adhesive would provide better strengthening to the external 
plate. Even though some literature is found to indicate that stiffness adhesive effects 
final capacity (and crack formations), no further effort is made in this regard. Softer 
adhesive relatively increased the sectional capacity MacDonald & Calder (1982) This 
is further investigated in this study. 
Variation of adhesive thickness 
Oh et al. (2003a) presented tests aimed at exploring the local failure behaviour of 
strengthened plates. Two types of tests, that is, double lap pull-out tests and half-beam 
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tests, were conducted. The double lap pull-out test was to study the interface 
behaviour of steel plates under pure shear state. Figure 2.4(a) shows a schematic of 
the configuration of the test members. The half-beam test was to investigate the 
interface failure behaviour of strengthened plates under shear and bending forces (see 
Figure 2.4(b)). 
In the double lap pull-out test, members of the specimens failed by direct separation 
of the steel plates from the adhesive. 
The adhesive thickness directly influenced the failure load of the members. The tests 
showed an increase in the average shear strength at the interface as the thickness of 
the adhesive is increased. However, Oh et al. (2003a) did not report investigation on 
other adhesive properties such as its shear stiffness that could influence the behaviour 
at the interface. Moreover, the loading mechanism was restricted to single direction. 
Therefore, values obtained from tests where interface failure is investigated can be 
considered as an indication of the maximum shear strength (for crack appearance) and 
the ultimate shear strength (at total failure). For mixed-mode behaviour at interface, in 
his tests on half beam specimens with varying adhesive thickness, the investigators 
were unable to identify any trend in shear strength development. Such specimens 
failed in peeling with concrete rip-off. 
On another study, Oh et al. (2003b) tested full size beams and reported that the 
ultimate capacity of a strengthened beam increased slightly with the increase of the 
adhesive thickness. He noted that this may be caused by the late initiation of plate 
separation. However, they did not mention the percentage change in overall 
elongation of adhesive in practice with change in thickness such as indicated by Jones 
et al. (1988). Therefore, to avoid any confusion, the adhesive properties kept 
unchanged with the thickness of adhesive in present study. This is explained in more 
detail in Chapter 6 (Section 6.3.1). 
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(a) 
 
(b) 
Figure 2.4 Specimen configuration and test setup for, (a) double lap pull-out 
tests, (b) halfbeam tests (Oh et al., 2003a) 
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Macdonald and Calder (1982) have shown that using thicker adhesive may lead to 
flexural failure of the specimens. They also indicated that the flexural strength and 
stiffness of the beams slightly increased with the increase in the thickness of the 
adhesive. Therefore, this factor has been considered in present study by considering 
adhesive thickness both in theoretical and numerical models. However, unlike Oh et 
al. (2003a, 2003b), Macdonald and Calder (1982) did not report an increase in peak 
load at failure with increase in glue thickness. 
Adhesive Stiffness (initial) 
The use of epoxy adhesive is a common practice in externally retrofitting concrete 
beams with steel or another material such as FRP. For example, two-part epoxy 
compositions, used by Hussain et al. (1995) and Swamy et al. (1999), are composed 
of a resin and a hardener that can be mixed together in varied proportions to control 
the final properties of the resulting adhesive. 
Using FE model, Teng et al. (2002) reported an increase in interfacial stresses with 
the increase in adhesive elastic modulus with modulus varying within the range of 
2000 MPa to 6000 MPa. Macdonald and Calder (1982) altering adhesive stiffness in 
an unspecified range found that it has virtually no significant effect on the load-
deflection behaviour of the beam; although, it was seen that the use of a stiffer 
adhesive generated more cracks at a closer spacing than either the as-cast beams or 
plated beams using a flexible adhesive could show. The reason behind this behaviour 
is not known and is investigated in this study. Macdonald (1981) reported that soft 
adhesive has an advantage over stiff adhesive in that it is capable of withstanding 
movement while it is being cured. His laboratory tests indicated that the stiffer 
adhesive suffered an average of 16% loss in shear strength while the flexible type did 
not suffer any loss. He pointed out that to obtain a maximum increase in the 
serviceability limit conditions of stiffness and crack control, a fully bonded plate 
using a stiff adhesive is necessary. This area has not been fully studied in the past, 
therefore, it has been fully covered in the current study and the effect of the stiffness 
of adhesive is investigated further to have any influence(s) on formation of crack(s). 
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Shear strength of interface 
From literature, it is seen that the pull-off capacity for the plated specimens with stiff 
adhesives was closer to the tensile strength of concrete. Reeve (2005) found that the 
pull-off capacity for adhesives having tensile moduli of 4482 MPa and 2227 MPa 
were respectively 2.85 MPa and 2.65 MPa, where the 28 day compressive strength of 
concrete was 23.3 MPa. Oh et al. (2003b) found that the shear strength of interface 
tested through double lap pull-out test varied with changing plate and adhesive 
thickness. The average shear strength was found to increase from 1.1 MPa to 2.4 MPa 
with increasing plate thickness from 2 mm to 5 mm. It was also found to increase to 
some extent within 2 MPa to 2.5 MPa with increase in adhesive thickness from 1 mm 
to 7 mm. The stiff adhesive was used with modulus of elasticity as 2300 MPa. The 28 
days compressive strength of the concrete was 46.3 MPa, having modulus of elasticity 
of 32000 MPa, and the split tensile strength of 2.93 MPa. Jones et al. (1988) achieved 
maximum interface bond strength of 5.01 MPa (that is, for a mixed mode failure) for a 
concrete having an average compressive strength of 53.6 MPa and the average 
splitting tensile strength of 3.55 MPa. However, the observations made by Heathcote 
(2004) have suggested an average value of 2 MPa as a typical approximation of the 
shear strength. 
Therefore in order to take into account such a factor, shear strength of interface 𝑏𝑠° has 
been varied from 50% to 200% of the control value of 2 MPa to cover for wide 
possibilities in this study. 
Length of plating 
The work reported by Oehlers (2001) indicates that the plates should terminates as 
close to the support as possible where the beam stresses are minimal. It was also true 
with multi-plating, as Jones et al. (1988) indicated that the plate curtailment has a 
considerably effect on the strain of the inner plate at the region of cut-off. This 
indicates the importance of geometrical discontinuity with the development of stresses. 
This needs to be further investigated in this study in more detail. 
Oh et al. (2003b) emphasised that full-span-length strengthening with steel plate helps 
in maximising the strengthening effects by delaying the plate separation. Arslan et al. 
(2008) indicated only mode of failure as ‘plate end premature cover peeling failure’ 
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for plates curtailed within bending span. While, for cases with steel plate (having 
same cross section) extended to the supports or if the additional anchorages were 
adopted at plate ends, it was possible to avoid premature failure due to cover 
debonding. Through experimental investigation, Mohamed et al. (2001) reported that 
the external plate curtailed within flexural span will fail in peeling. 
2.3.2 Secondary or existing parameters 
Secondary parameters are geometrical and/or material parameters influencing failure 
modes. These are existing parameters, such as the cross-section dimensions and rebars, 
which already exist and cannot be changed prior to retrofitting the beam. However, it 
is still important to study their effect on modes of failure as they are indirectly related 
to primary parameters as far as stress distribution and modes of failures are concerned. 
For example, strength of material in tension (such as concrete) may have a big 
influence on the load of initiation of flexural crack. Due to lack of detailed literature, 
these are covered in present study. 
The influence of such parameters on the behaviour of a strengthened section, as 
reported in the literature, is reviewed below. 
Position of shear reinforcements 
The beams considered in the present study are assumed to have sufficient strength in 
shear to avoid any form of shear failure. Therefore, the parameters that directly 
influences shear strength (such as shear reinforcement and side plate external 
reinforcement) have been put into the category of secondary or existing parameters. 
Such parameters may have an effect on the premature failure of plated sections but 
these are considered to be out of the scope of current study. It is largely because of the 
fact that the presence of such components is related to the shear failure of the beam 
that is not sufficiently reinforced in shear, or the further propagation of shear crack. 
However, for the sake of completion, the numerical model in the present study has 
been validated to indicate that the FE model is equivalent to significantly reinforced 
beam in shear. 
Tests by Heathcote (2004) indicated that the thickness of an externally bonded plate at 
the soffit of the beam would contribute to both bending and shear capacities of the 
member. On the other hand, Arslan (2008) suggested that the flexural strengthening of 
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rectangular RC beams using epoxy bonded continuous horizontal steel plates has no 
effect on the shear capacity. 
The position of any shear reinforcement is also important when considering the shear 
capacity of strengthened beams. Through the discussion of Hussain et al. (1995), 
authors Swamy & Mukhopadhyaya (1995) highlighted this importance. Swamy & 
Mukhopadhyaya (1995) noted that as the beams failed in tearing of concrete in the 
shear span (when more than 1 mm plate thickness is used) it is noteworthy to know 
the position of the internal shear links for the beam that is intercepted by the 
propagation of the crack. The position, spacing and inclination of these internal shear 
links in the plate cut-off region may reveal further reasons for such failures 
particularly where bolted plates have been used. They also argued that the inclination 
of cracks might be dependent on the shear reinforcement spacing. 
Macdonald and Calder (1982) also pointed out that the spacing of the cracks may 
have been influenced by the presence of shear reinforcement stirrups with 
intermediate cracks developing at high loads. 
In addition, Arslan et al. (2008) pointed out that the provision of adequate shear 
strength is crucial in promoting flexural failure. Therefore, it is important to provide 
adequate shear reinforcement as the beam becomes more susceptible to shear failure 
when it is strengthened in flexure. This factor has been considered in this study by 
verification of FE model in Chapter 4 (Section 4.5.4). 
Bond length of the plate 
Bond length is dependent on the choice of loading position as explained before. In a 
bond test, the effective bond length is defined as the bonded length beyond which the 
peak load does not increase, and is determined experimentally. The effective bond 
length 𝐿𝑒𝑓𝑓 is important in determining the bond strength 𝐺𝑏. This is defined as the 
peak load 𝑃𝑏 divided by the effective bonded area 𝐴𝑒𝑓𝑓 and is calculated for the given 
set of material parameters such as strength of components: 
𝐿𝑒𝑓𝑓 = 𝑃𝑏/𝐴𝑒𝑓𝑓      2.1 
Where, 
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𝐴𝑒𝑓𝑓 = 𝑏𝑝𝐿𝑒𝑓𝑓      2.2 
Such an area is calculated as the product of the plate width (𝑏𝑝) and the effective bond 
length 𝐿𝑒𝑓𝑓. Bond strength is found to be test dependent. For instance, Horiguchi and 
Saeki (1997) reported that the bond strength obtained from pull-pull shear-lap tests 
(that is, loaded in transverse direction) could be lower than that obtained from beam-
bond tests (that is, mixed loading at interface). 
The pull-push single lap test (pull-off test) and pull-pull double shear lap test have 
been widely used for developing bond strength models and bond-slip behaviour for 
reinforced concrete beams strengthened with external reinforcement. Comparing 
specimens H1433 with H243 by Oh et al. (2003a), shows that the shorter the bond 
length of the steel plate, the higher the average shear strength. Comparing pull-out 
with half-beam test methods, they noted that the effect of bond length on the shear 
strength is somewhat smaller in the case of half-beam test. This may be due to the fact 
that the half-beam test members (H143 and H243) failed prematurely by rip-off of 
concrete. The double lap pull-out test members (D143 and D243) failed by direct 
separation of the steel plates from the adhesive. In the tooth model by Heathcote 
(2004), an attempt has been made to estimate the effective length of steel plates within 
the shear spans(s) by investigating key parameters. 
Boundary conditions are also responsible to affect the effective bond length. Although, 
the stress distribution that is based on boundary conditions can be identified from the 
development of shear stress (in transverse direction) on interface for symmetric and 
non-symmetric joints (represented in Figure 2.5). 
                                            
3 H indicates half-beam test, first digit after H indicates bond length times 100 mm, middle digit and last digits 
indicate adhesive thickness in mm respectively. 
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Figure 2.5 Shear stress (Mode – II stress) distribution of a symmetric and non-
symmetric overlap joint 
Figure 2.5 indicates that for an applied stress 𝐾 on a provided bond length, the shear 
stress concentrations may vary That is, for symmetric conditions the shear stress 
distribution spreads equally on the available length (area) at both ends, while the same 
amount of stress is concentrated at one end in non-symmetrical conditions. Therefore, 
latter type may cause localised failure/crack (depending on materials’ capacities) at 
that end at comparatively lower stress than under symmetrical loading. It should be 
noted that, for a given type of test and material(s), increasing the bond length beyond 
maximum effective length 𝐿𝑒𝑓𝑓  would not affect the peak load capacity as failure 
would still occur at 𝐿𝑒𝑓𝑓. 
Wu et al. (2002) proposed theoretical models for the interfacial stress transfer of an 
adhesive pull-pull bonded joint by comparing with the case of a pull-push bonded 
joint. The area under bond-slip (traction-separation) has been postulated to be equal to 
the interfacial fracture energy in his theoretical nonlinear interfacial constitutive laws. 
They found that the stress transfer and debonding behaviour are different between 
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pull-pull and pull-push joints and the load-carrying capacity of a pull-pull joint is 
generally larger than that of a pull-push joint. 
A 4-point loading problem is clearly a complex in nature. In this case, determining the 
actual interface capacities requires full size tests. As described earlier, behaviour of 
failure modes in half-beam tests by Oh et al. (2003a) are different with full beam tests 
by Oh et al. (2003b). 
Surface conditions of concrete may also affect the bond length. Yozhizawa et al. 
(1996) reported bond strengths up to two times higher when water-jets were used 
instead of normal sander. 
Maintaining these views, a strategy has been proposed in the current investigation of 
the problem that takes into account composite behaviour of the interface under 
loading while allowing for no actual loss of interaction/friction among the interfaces 
before crack formation. This, therefore, involved the use of Cohesive Zone Model 
(CZM) which would take into account the overall behaviour of loaded interface (that 
is, geometric, material and boundary condition sensitivities) without having the need 
to directly provide case sensitive data (bond-slip data) into the FE model each time 
the geometric parameter or adhesive is changed. 
Concrete compressive strength verses surface phenomenon 
In case of plated beams, Raoof et al. (2000) indicated that varying concrete strengths 
(20 MPa to 40 MPs) has little significance in improving the load carrying capacity of 
a beam prior to its premature failure. However, the factor of the association of 
compressive strength of concrete with the tensile strength of concrete was ignored as 
discussed next in sub-section 2.3.2. Ziraba and Baluch (1995) considered a range of 
concrete compressive strength 𝐺𝑐′ varying from 28 MPa to 58.5 MPa (that is, 28 MPa, 
36.8 MPa, 54.2 MPa, 54.4 MPa & 58.5 MPa). Their research suggested that the 
interface shear stress at failure (that is, the ultimate pull load level) is not affected 
greatly by the magnitude of 𝐺𝑐′  and glue thickness when plate pulling test is 
considered. Instead, it seemed to be affected by the surface condition. Similar 
conclusion was also drawn by Swamy et al. (1986). A possible explanation for this is 
that as the concrete strength is varied, its strength in tension remains weak. Also, 
Coronado and Lopez (2006), in their FE modelling strategy identified that the fracture 
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energy of the concrete–repair interface has a significant effect in predicting plate-
debonding failures. This gives support to the hypothesis that the concrete-glue-steel 
interface material behaviour is truly a surface phenomenon. That is, the ultimate 
strength is affected by the nature of the surface including its preparation. 
Tensile strength of concrete 
It is evident from literature that for varied compressive strengths of concrete, the 
tensile strength varied within the range of 7% to 50% of the respective compressive 
strengths, this also includes impact tensile strength. Tensile strength 𝐺𝑡𝑐 increases with 
the increase in strain rate (Schuler et al., 2006). However, current study involves static 
analysis. For high strain rates (spall experiments for dynamic analysis), Schuler et al. 
(2006) noticed an increase in 𝐺𝑡𝑐 up to around 0.55% of compressive strength. It is 
because 𝐺𝑡𝑐 was found to be around 7% 𝐺𝑐′ in NCL technical report (NCEL Technical 
Report, 1988). For design purposes, BS8110 consider value of 𝐺𝑡𝑐 to be 10% 𝐺𝑐𝑐 and 
ACI as 0.33�𝐺𝑐′. 
Fracture energy of tensile concrete 
Variations have been found in literature considering the values for Fracture energy of 
tensile concrete 𝐺𝑓𝑐 for plain and reinforced concrete beams (that is, reinforcement as 
rebars in tension) based on method of loading, rate of loading and type of concrete. 
A range of 0.090 N/mm to 0.176 N/mm has been specified by Azad et al. (1989) for a 
notched 3-point loaded plain beam and by NCEL Technical Report (1988) that found 
𝐺𝑓𝑐 to range from 0.04 to 0.092 N/mm. Similar range for plain concrete 𝐺𝑓𝑐𝑝 has been 
noted in ABAQUS documentations to lie within the range of 0.04 to 0.12 N/mm 
respectively for typical construction concrete (with a compressive strength of 
approximately 20 MPa) and high-strength concrete (with a compressive strength of 
approximately 40 MPa). Abdalla and Karihaloo (2003) also obtained the similar 
results that the measured fracture energy varied between 0.0324 N/mm to 0.116 
N/mm for normal concrete (compressive strength = 55 MPa and 60 MPa) and 0.0329 
to 0.075 N/mm (compressive strength = 100 MPa); the ranges of fracture energy were 
obtained using a variety of methods, some of these include wedge splitting (WS) test, 
three-point bend (TPB) test, etc. In another study, Wittmann (2002) analysed the 
fracture energy in terms of aggregate size. He showed that fracture energy and strain 
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softening depend on the mechanical interaction of aggregates with the cement based 
matrix. He summarised the range of 𝐺𝑓𝑐𝑝  for hardened cement paste (maximum 
aggregate size as 0.01 mm) as 0.0095 to 0.05 N/mm, for normal concrete (maximum 
aggregate size as 50 mm) as 0.1 to 0.6 N/mm and for dam concrete (maximum 
aggregate size as 120 mm) as 0.2 to 0.7 N/mm. This observation indicates that an 
increase in aggregate size results in an increase in 𝐺𝑓𝑐𝑝 . He indicated that high 
strength concrete may generally result in increased risk of crack formation with lower 
ductility. Careful observations of his work indicate that the overall value of 𝐺𝑓𝑐𝑝 
increased with increase in hardness of plain concrete. In addition, a fact not 
highlighted by him, it was important to note in the plots for cylinder splitting load 
verses crack opening for varied strengths of concrete that, although, there was an 
overall increase in 𝐺𝑓𝑐𝑝 for higher strength concretes, the strengths were finally found 
to converge to an almost common value of crack opening. This indicates that there is 
hardly a specific relationship between the crack/plastic opening and elastic 
displacement (under elastic strain 𝜀) of the form of 10𝜀, 20𝜀 or 30𝜀 and so on. That is, 
the behaviour of concrete in tension is largely case sensitive and cannot be utilised as 
a general behaviour for all concrete types. However, Welch and Haisman (1969) and 
Hillerborg et al. (1976) outlined a range for 
𝐺𝑓𝑐
𝐺𝑡𝑐
�  that for ordinary concrete this 
ratio seems to be of the order of 0.005 – 0.01 mm. 
Whereas, in case of reinforced concrete beams, BS8110 assumes the softening strain 
to be 30 𝜀  (that is, 30 times elastic strain). Largely to maintain stability of FE 
simulations, ABAQUS reports a reasonable starting point for relatively heavily 
reinforced concrete modelled with a fairly detailed mesh is to assume that the strain 
softening after failure reduces the stress linearly to zero at a total strain of about 10 
times the strain at failure. The strain at failure in standard concretes is typically 10-4, 
which suggests that tension stiffening that reduces the stress to zero at a total strain of 
about 10-3 is reasonable. However, Azad et al. (1989) have shown that the value of 
fracture energy of reinforced concrete 𝐺𝑓𝑐𝑓 depend on the location of tensile rebars, 
area of tension steel and with the development of crack. It was seen that as the 
effective depth 𝑑  was increased, the maximum value of 𝐺𝑓𝑐𝑓  increased (beams B8 
verses B9 (Azad et al., 1989)). With the increase in the amount of tensile 
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reinforcement, 𝐺𝑓𝑐𝑓  was increased (beams B1 verses B2, B3 verses B4). It is 
important to highlight that the increase in initial/starting value of notch depth would 
mean lower remaining capacity of the section and lower remaining fracture energy 
(beams B1 verses B8). As a general behaviour, after careful observation, it was seen 
that with the application of load and the upward propagation of flexural crack, the 
value of 𝐺𝑓𝑐𝑓 increased. This indicated that the rate of flexural crack propagation was 
reduced as it moves towards the compression area of the loaded section. For beam B8, 
a comparatively lower value of around 0.1 N/mm 𝐺𝑓𝑐𝑓 was noted closer to rebar than 
the maximum value of 1.49 N/mm with further extension of crack. The relationship 
between 𝐺𝑓𝑐𝑓 verses crack extension was noted to be nearly hyperbolic in nature. This 
indicates that a higher value of 𝐺𝑓𝑐𝑓  is reached with slighter increase in crack 
extension above rebar layer. Based on this observation, a simplified assumption was 
made in current FE modelling that the value of 𝐺𝑓𝑐𝑓 above rebar layer is assumed to 
be 1 N/mm, while the criticality of the behaviour of covercrete is adjusted as 
discussed next. 
Therefore, from above discussion, it is worthy to note that the behaviour of concrete 
and reinforced concrete are case sensitive and a fixed relationship between elastic and 
plastic opening does not exist. Due to this reason, rather than assuming a fixed 
relationship between elastic and plastic concrete in tension in present study, it became 
necessary to find out/calibrate/adjust/tune the behaviour (tensile fracture energy in 
particular) of covercrete where the formation of flexural cracks can lead to premature 
failure(s). Meanwhile, it was also important to keep the values within the practical 
static range of loading. It is because for high strain rates (spall experiments for 
dynamic analysis), Schuler et al. (2006) have noticed increase in 𝐺𝑓𝑐  up to around 
0.55 N/mm. 𝐺𝑓𝑐 increase with the increase in strain; whereas, current study is based 
on static analysis and therefore it is important to mainly review the problem relevant 
literature. 
2.3.3 Local parameters 
Such parameters are not related to the material or geometrical properties of the beam, 
they are rather related with the local or boundary conditions of the beam, such as 
shear-span to depth ratio (𝑖/𝑑) as altering this ratio may result into a change in the 
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behaviour of beam. For a given section of a 4 - point loading problem, this ratio can 
be altered to affect the theoretical capacity of the beam by changing the position of 
point load(s) such that the load capacity increases with higher 𝑖/𝑑 ratio. In addition, 
its affect(s) on failure modes has been briefed earlier in Figure 2.1. 
Studies by Oh et al. (2003a, 2003b) indicated the obvious incompatibility between the 
theoretical predictions of the ultimate capacity of retrofitted section (as theoretical 
investigation ignores occurrence of premature cracks) and the experimental tests 
values while varying 𝑖/𝑑  ratio. That is, the discrepancies between the failure 
capacities have been caused by the premature separation failure of plated beams. In 
general, Oh et al. (2003b) reported that the calculated load capacity of a given beam 
would increase when the 𝑖/𝑑 ratio ratio is decreased provided that no separation of 
the plates occurs. However, their test results showed that the load capacities of beams 
were mainly unaffected by the 𝑖/𝑑 ratio except for very lower value of around 1.36. 
2.4 Summary 
In this chapter, the main concerns pertaining to the behaviour of plated beam have 
been identified in the context of available literature. It was possible to categorise the 
modes of failure based on their location of formation, propagation and stress 
developments. The possible reasons effecting modes of failure were discussed, such 
as material and geometrical parameters. Techniques and methods used to mitigate and 
analyse the premature failure so far have also been reported, alongside the major gaps 
and concerns within the literature. 
In recent decades, a large quantity of work has been done, including both statistical on 
experimental data and theoretical. However, due to the lack of understanding to 
control mode of failures based on wide variety of parameters, the modes of failure 
cannot be accurately predicted. Although a large quantity of numerical investigations 
is found recently, the lack of research approaches to identifying the source of problem 
and adopting the methods accordingly is quite evident. The key gaps in literature are 
identified as below: 
• Identify controlling factors for multiple failure mode types and study their relevance 
• Stress investigation studies of modes of failures, particularly debonding 
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• Control the formation and behaviour of failure modes, in terms of location, 
distribution, type and sequence 
• Properties of adhesive to determine capacity of beam mainly due to debonding 
A need was identified to develop an approach that can identify all modes of failure in 
tension and relate them with material and geometrical parameters of the components 
of beam (including adhesive). This was important in order to fill the major gap in 
literature that could study the modes of failure and their behaviour with varying 
parameter at an investigative level. A numerical approach and theoretical models have 
been discussed and developed next to assist with the solution that can take into 
account the non-linearity of the material components. 
 
Chapter 4: Validation methods and numerical simulations 
 
 
C h a p t e r  3 :  M a t e r i a l s  a n d  m o d e l s  
3.1 Introduction 
The aim of this chapter is to explain the basic techniques (materials, models and 
methodology) used throughout the project. Various aspects based on the choice of 
available material models in ABAQUS for modelling reinforced concrete, adhesive 
and steel are described. A novel approach is proposed to capture the cracks at the 
concrete-adhesive interface of plated beam, while considering the material properties 
of the corresponding components before crack is also described through the technique 
of cohesive-zone modelling (CZM). 
3.2 Materials 
In addition to the amount and direction of applied force that a specimen is subjected to, 
the type of its material also influences the choice of the method of calculation that can 
most closely represent its behaviour. This is summarised in Figure 3.1. 
 
(a) 
 
(b) 
 
(c) 
Figure 3.1 Types of stress distribution at the crack tip: (a) brittle material; (b) 
ductile material; (c) quasi-brittle material 
In brittle materials, such as glass with an ignorable yield zone, linear elastic fracture 
mechanics (LEFM) can be used by assuming elastic behaviour up to failure. In ductile 
materials, such as metals with a pronounced yield zone, singularity at crack tip may 
be generated necessitating the need for non-linear fracture mechanics (NLFM). On the 
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other hand, for quasi-brittle materials or deformation-softening materials, such as 
concrete, due to formation of micro cracks it is favourable to adopt energy 
equilibrium consideration for analysis. It can be obtained from experimental work 
and/or necessary theoretical formulations (which may be already available) or 
numerical calibration when FE simulation is used. 
3.2.1 Discretisation of material behaviour or a common interface 
Due to a complex nature of the failure behaviour in quasi-brittle materials, and its 
relevance to the presented method of solution (as discussed in Section 3.5), it is best 
idealised using a simple formulation which allows for material softening. One of the 
original theoretical concepts of fracture of concrete was proposed by Hillerborg 
(1985). To illustrate this within the context of the current problem, this concept is 
extended to explain the behaviour of common interface between two materials. Either 
or both of the two materials can be reinforced or plain. For a reinforced concrete, the 
average behaviour of steel and plain-concrete can be considered through the effects of 
tension stiffening. Such behaviour can be represented as a combination of a stress-
strain relationship and an energy (or stress-crack opening) expression (see Figure 3.2). 
 
Figure 3.2: Representative NLFM model for behaviour at common interface 
Figure 3.2 shows a typical stress-displacement relationship of a non-linear material 
generally in tension or shear or both. The interface can be considered between 
adhesive-steel, or adhesive-concrete, or steel-concrete. The behaviour can be 
described in terms of two different regions. Initially, as the force is increased, the 
average stress of the two materials at the interface increases with an almost linear 
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load-displacement relationship up to a maximum value. This value corresponds to the 
maximum average strength of the common interface and the crack initiates within the 
weaker material4. This is followed by a decrease in the load while the displacement 
continues to increase. The latter represents strain softening, which occurs at the 
weakest plane that is usually designated as the damage zone or fracture process zone. 
After the failure strength at the interface is reached, the behaviour of the material still 
intact would depend on its properties at this stage as the case with the behaviour of 
failing material. In case of plain concrete as Mat II, if the material has reached beyond 
its elastic limit, it would not revert back to its original position of deformation. At this 
stage, if the material is at a stage of transition from elastic to plastic (and retains some 
elasticity), the reversal of deformation can be considered to follow a line almost 
parallel to that of the elastic range of concrete. In case of reinforced concrete as Mat II, 
the material would revert back to its original deformation if the steel is still under its 
elastic limit. However, if the steel is in its plastic state then the damage in cracked 
concrete (Mat I) will not propagate any further as Mat II enters plasticity. 
These issues of material modelling are carefully considered in the present FE model 
through the use of the Damaged Plasticity Model and the cohesive traction-separation 
methodology developed specifically for this case to capture such cracks largely in the 
region of concrete closer to the concrete-adhesive interface. 
The above concept is illustrated in Figure 3.2 for common interface. The figure shows 
a fracture damage zone (Mat I described by load-displacement curve I) and the area 
outside the damage zone indicated as Mat II is described by the load-deflection curve 
II. The load-displacement behaviour before peak stress represents the average 
behaviour of Mat I and Mat II. Once damage starts in Mat I the stress begins to 
decrease with increased deformation (as indicated by curve I) and the material in 
domain II starts to contract (that is, unload) as indicated by curve II. The difference 
between curves I and II is dependent on the fracture-processes zone and additional 
deformation is termed as crack opening 𝜔. 
                                            
4 In present modelling strategy, in composite and common interface the weaker material is defined as the material 
having comparative lower failure strength. In present representation (see Figure 3 - 2), Mat I is assumed to be 
weaker than Mat II. 
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Deformation in Mat I is composed of a distributed strain, and a discrete opening is 
restricted to a narrow zone. With the formation of crack opening, the surrounding 
material shrinks. Considering these situations, the stress-deformation or conventional 
stress-strain behaviour can be subdivided into an elastic stress-strain relation for 
undamaged material and a stress-crack opening (or energy equivalent) relation for the 
damage process zone as shown in Figure 3.2. 
The discretisation is simplified such that the material properties can be associated 
with the material models used in the FE modeling to study effect of material 
properties in different directions. For example, the implementation and use of 
Cohesive Zone Model (CZM) to model cracks at common interface is discussed under 
section 3.3.2. The approach of using CZM to model delamination is different from 
that of Obaidat (2011) where the initial properties for adhesive were unknown and 
dummy values were assigned into large number of parameters of CZM to calibrate 
debonding. This may result into obtaining more than one set of parameters that can 
simulate debonding, while the choice of parameters is based on hit-and-trial method 
where there is no control over such parameters in terms of studying their effect on 
crack. However, in current work a need was felt to control the formation and 
propagation of interfacial cracks to control such a premature failure. This needed an 
investigation into material properties at interface (in particular, adhesive), which 
could only be possible if the material properties for adhesive and other materials at 
interface are largely known rather than assumed. This new approach of material-
discretisation helped to achieve full control over initial parameters of interface, for 
example adhesive stiffness and failure strength as some key parameters to control the 
formation of interfacial crack, and crack energy to control the propagation of such a 
crack. From Figure 3.2, for a given properties of Mat 2, the initial stiffness of the 
adhesive (modelled using CZM as Mat I) can be assumed such that the average initial 
stiffness of the interface can now be controlled. In addition, the failure strength of the 
interface can now be controlled by supplying strength of crack initiation as compared 
to Mat 2; the weakest material is known and fails, after which the crack follows 
material property of failing material that can now be controlled to within adhesive 
rather than a conventional concept of cracks appearing only within concrete. 
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3.3 Finite-element method 
In general, the basic feature of the finite-element method is a spatial discretization of 
an arbitrary geometry into an assembly of non-overlapping simply shaped elements 
connected at their common nodes. These sub-areas are referred to as finite elements. 
The finite-element discretisation transforms a continuous body problem into an 
algebraic system of equations for the discrete nodal displacements of a given finite-
element mesh. Depending on the boundary condition(s) and the choice of element 
type(s), the given set of equations is solved through the choice of integration schemes. 
To obtain a solution, in ABAQUS the default iterative method is the Newton-Raphson 
method, which is an incremental-iterative method. To facilitate the solution of 
complex problems the concepts of the solvers for the solution, the residual tolerance 
values and the viscous dissipation requirements are also embedded within ABAQUS. 
Default procedures are utilised of the finite-element code, unless stated otherwise. 
The finite-elements are associated with material models to demonstrate a predefined 
material behaviour. To model cracking in quasi-brittle material, ABAQUS offers the 
following options of material models that are utilised through a novel approach in this 
study as discussed next. 
3.3.1 Smeared (continuum) and discrete crack models 
There are two common methods, which can be used to approach the computational 
mechanics of concrete cracking: discrete crack model and smeared crack model (Rots, 
1991). In the former modelling approach, a crack is treated as a geometrical identity 
so it is either pre-embedded in the FE mesh or through continuous re-meshing (Yang 
and Chen, 2005; Yang et al., 2003). The latter maintains the geometry as fixed, and 
the cracking is modelled through the concrete constitutive law (Rots, 1991). When a 
discrete crack model is used, it is impossible to track multiple cracks within concrete, 
which is a disadvantage. On the other hand, the smeared-crack approach cannot be 
used to capture the behaviour of a section when localised cracks are formed changing 
the original integrity of the body. As identified earlier in Chapter 2, this is particularly 
true in plated beams, where numerous micro-cracks are formed and failure may occur 
within a few millimetres in the concrete adjacent to the bonded plate. In addition, in a 
smeared concrete model (such as damaged plasticity model in ABAQUS) strain 
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localisation due to strain-softening is implemented. As a result, the energy 
consumption approaches zero during crack propagation when the element size 
approaches zero (Bažant & Jaime 1998). This is overcome by adopting the crack band 
theory (Bazant and Oh, 1983) 
𝑤 =  ℎ∑ 𝜀𝑐𝑡𝑛1        3.1 
where 𝑤 is the crack opening width, ℎ is the width of the crack band, ε𝑐𝑡 is the crack 
strain caused by the opening of micro-cracks and ∑ indicates summation of crack 
strain on all the elements 𝑡 lying within the width of the crack band. The crack band 
width ℎ represents the effective width of the fracture process zone, over which micro-
cracks are assumed to be uniformly distributed. In FE analysis, the cracking strain is 
assumed to be uniformly distributed over ℎ, which is in turn related to the element 
size, type and integration scheme. For the present model, the element size is ideally 
maintained to be equal to the maximum aggregate size used in practice. 
Rots (1991) identified that smeared cracks may give rise to stress-locking while 
discrete cracks do not. The latter is adopted to capture the change in the geometrical 
identity of structure, usually delamination/debonding. In light of the cracking 
behaviour of plated beams, it is noted from Chapter 2, that the flexural cracks are 
smeared over a larger area while they may be responsible to cause interfacial cracks 
confined to a smaller area in and around adhesive-covercrete interface. Therefore, the 
smeared-crack approach is well suited for simulating distribution of flexural cracks 
while discrete-crack approach can be adopted to model any interfacial-
cracks/delamination. Therefore, in the present FE model, both discrete and smeared 
crack models are combined to represent the full behaviour. In light of the current 
problem, the formation of the smeared cracks over concrete (damaged plasticity 
model) are allowed to propagate further to cause any required changes in the original 
integrity of the structure through the formation of discrete crack(s) (debonding) at the 
interface (cohesive-zone model). This approach also helped in identifying the specific 
role(s) played by each mode of failure during their corresponding propagation. 
In continuum approach (conventional material model), the behaviour of cohesive 
elements is based on the true stress and true strain. However, in traction-separation 
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approach their behaviour is based on the nominal stress 5  and nominal strain 6 
measurements. 
3.3.2 Models and implementation 
In a FE modelling of the behaviour of the materials of different components, 
theoretical models are used in the form of mathematical formulations. A large number 
of such models are incorporated within major FE modelling software packages. For 
such models, it is important to look into literature for the available parameters 
required to define the material. It is noteworthy that the method of the use of available 
model(s) is adopted to suit the author’s aim and objectives of the research spelled out 
in Chapter 1. 
Plasticity damaged model (continuum model) 
The plastic-damage model is implemented in ABAQUS. The model combines 
concepts from plasticity, damage, and fracture mechanics into a common framework. 
In principle, this concept can be applied to any form of plasticity. As pointed out by 
Lubliner et al. (1989), the basic concept in a plastic-damage model is to replace the 
hardening variable, used in classical plasticity theory, by a plastic damage variable. 
Damage parameter can be used to simulate a crack pattern in concrete under tension 
as achieved by Coronado (2006); however, such a method does not allow for 
modelling a complete crack. In addition, the use of damage parameter would require 
additional work of numerical calibration with the experimental observations. In such 
problems, the numerical calibrations are case sensitive in terms of changes in 
geometrical parameter(s). In addition, in light of the current problem, it is more 
important to observe the critical locations of such cracks and the relative change in the 
rate of development (leading to localised premature failures) than the pattern itself. 
For a given material properties, the pattern and behaviour of the crack(s) can be 
indicated with the output for plastic-strain representation. 
The damage-plasticity approach is suitable to consider the effect of reinforcement in 
terms of tension stiffening achieved in RC concrete as compared to plain concrete. 
                                            
5 Nominal stress or engineering strain is the force component divided by the original area of cross-section at each 
integration point. 
6 Nominal strain or engineering strain is the separation divided by the original thickness at each integration point. 
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In ABAQUS, another concrete model available for modelling reinforced concrete 
structure is the Concrete Smeared Cracking model. It is noted that, unlike Concrete 
Smeared Cracking model, Concrete Damaged Plasticity model can be used for 
irreversible7 damage. It is important from the aspect that irreversible damage may be 
required not only in fatigue loading but also as a consequence of stress redistribution 
due to geometric non-uniformities and cracking. 
In ABAQUS, the crack in tension can be represented through the available fracture 
energy equivalent to plastic strain of failing material implemented within Concrete 
Damaged Plasticity model. It is later seen in this study that the available fracture 
energy allows control over the crack smearing capability of the model. In addition, in 
it was found that the use of crack energy in tension (rather than using the equivalent 
value of plastic strain) required relatively less time for the analysis; however, the 
technical reason(s) behind this behaviour is not clear. 
ABAQUS provides the basic recommendations for the model. The initial yield 
strength in compression needs to be 10 times or higher than the initial yield strength in 
tension. In addition, the minimum stress at the plasticity can be adopted no lower than 
0.01 times the failure strength. 
Implementation of Cohesive Zone Model (discrete model) 
The properties of adhesive, such as stiffness, strength and fracture energy, can be 
insignificant in terms of contribution towards the load-displacement behaviour of the 
plated beam, but not towards the behaviour at the interface and surrounding region. 
However, this may affect the premature capacity of the beam. In the present study, the 
theoretical and numerical framework at interface is devised to make viable the 
investigation on large number of adhesive parameters on modes of failure. 
The following section presents the methodology of utilising the cohesive elements 
(using traction approach in ABAQUS) to observe/simulate the combined effect of 
properties of different (or same) materials forming a common interface of the form 
shown in Figure 3.2 to check for crack initiation and propagation. A strategic 
approach is made, which is capable of idealising the behaviour at interface in the form 
                                            
7 As the crack is formed (reaches plasticity), the material cannot regain its elasticity after the forces or displacements 
are reversed. 
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of traction-separation model (through Cohesive-Zone-Model) to represent interface 
cracks in retrofitted RC beam, meanwhile using this model to investigate the effect of 
the properties of adhesive. A novel application of Cohesive-Zone-Model (CZM) 
approach in this study is discussed next and the associated traction-separation model 
is detailed later on in this study. 
In the CZM approach, a layer of cohesive elements is introduced at the separation 
interface between the continuum elements. The cohesive zone model can be utilised to 
demonstrate a predefined location of the formation of crack and/or the relative 
behaviour (slip or displacement) between the two surfaces at a common interface. It 
can also be used to define a bulk material such as adhesive (ABAQUS). To the 
current knowledge of the author, the problem-relevant literature is not available, 
where cohesive elements are used to define a bulk material. For example, as indicated 
by Rots (1991), the initial stiffness of the element is assigned a large dummy value in 
order to simulate the uncracked state with rigid connection between overlapping 
nodes. Analytical approach is also used to assume this dummy value of initial 
stiffness as identified by Meo and Thieulot (2005). Therefore, a novel approach is 
adopted in the present study to represent the problem. In the context of the present 
problem, the exact location of debonding cracks is unlikely to be predefined. However, 
as outlined earlier in Chapter 2, debonding is seen to occur generally along the 
common adhesive-covercrete interface. Therefore, the cohesive layer was embedded 
at this interface along the length of the external plate reinforcement. As this layer is 
situated at the same location as adhesive, the cohesive layer is provided with the 
properties of the adhesive (specifically before a crack can appear), in order to allow 
studying the effect of the material properties of adhesive on the behaviour of beam. 
It is assumed that the behaviours at the common interfaces (adhesive-concrete and 
adhesive-steel) are perfectly interlocking; therefore, the interaction between the two 
surfaces was considered as perfectly interlocked. This assumption is largely based on 
the present knowledge of the author, where no experimental reference was found that 
indicated a failure at interface due to a purely de-cohesion (apart of a bad 
workmanship). Therefore, the present methodology adopts a more realistic approach. 
The advantage of the present methodology is indicated when any slip between the 
interfaces is recorded purely based on the independent material properties of the 
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surfaces forming the common interface and the crack. The idea of implementing the 
cohesive zone along the plate length would allow a greater insight into the capture and 
propagation of interfacial cracks. 
In literature (Oehlers, 2001) dealing with relevant tests, the behaviour of cracks is 
reported such that, depending upon the location of a flexural crack, the propagation of 
flexural crack may develop into an interfacial crack (if flexural crack lies along the 
plate) or peeling (if flexural crack lies at plate-end); it is represented in Figure 3.3(a). 
However, in the present knowledge of the author, further investigation is not carried 
out for two different modes of failure. In addition, regardless the formation of flexural 
crack, the interface crack may appear within shear span (see Figure 3.3(b)). Therefore, 
in order to allow for the formation of flexural cracks near the interface, the tensile 
properties of the covercrete are assumed accordingly, that is elastic-softening bilinear 
idealisation (see section 4.2 in Chapter 4). Meanwhile, in order to capture the 
propagation of flexural cracks to develop a crack at the interface (if any), an inbuilt 
traction-separation law is used within the cohesive zone, so that the relative 
displacement at the two interfaces (adhesive-concrete and adhesive-steel) can be 
captured accordingly to indicate damage (if any). The softening nature of traction 
separation approach may also be assumed to model tension stiffening due to 
reinforcement (if any) in the failing material.   
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(a) 
  (b) 
Figure 3.3 Graphical representation of behaviour cohesive element: (a) at mid-
span due to the formation of flexural crack, (b) at plate-end under mixed-mode 
condition of stresses 
In the fracture process zone, due to the characteristics of the cracking in a quasi-brittle 
material (such as concrete), micro cracks are formed that are unified and eventually 
Difference transverse movements of the cohesive surfaces due to the formation 
of flexural crack in concrete controlled by available fracture energy 
The crack is local. The forces in the pure flexural crack 
cancel out each other on either side of the crack 
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leading to macro crack opening. At this location, there will be no stress transfer 
between the cracked planes. This behaviour is known as complete material damage. 
Figure 3.3 graphically represents the behaviour of interface that can be captured 
through cohesive elements. Figure 3.3(a) shows that the possible deformation at the 
interface due to the formation of flexural crack can be arrested by traction-separation 
law (transverse direction) to cause the failure of the interface. Figure 3.3(b) indicates a 
mixed-mode behaviour of the interface along the shear span, and that can be captured 
by the use of traction-separation law in both directions (normal and transverse). 
Choice of traction-separation law and mixed-mode behaviour 
In ABAQUS, it is possible that the adhesive and failure behaviour of material(s) along 
the common interface under analysis in the cohesive-zone model can be defined by 
traction-separation laws. These relations determine the constitutive behaviour of 
cohesive-zone models by describing the tractions as a function of separations. Two 
common assumptions in this regard are used: (i) the dependence of the cohesive stress 
only on the “local” opening 𝑏′(𝛿) and (ii) there exists a maximum separation 𝛿𝑓 , 
ahead of which the cohesive stress vanishes. 
The value of the cohesive traction first increases as the cohesive surfaces separate 
until a maximum value of traction is satisfied (based on the crack initiation criterion), 
and, subsequently, the traction decreases to zero, resulting in complete (local) 
separation. 
In order to check for sensitivity of varied parameters and to adapt to the present 
method of study, the cohesive-zone model was further discretised in terms of fracture 
energies before and after crack initiation. As the model was used to represent the 
adhesive layer, the properties of adhesive were incorporated as input into the model 
before the crack initiation criterion was fulfilled. As soon as the crack initiates, 
fracture energy of cracking surface is assumed to dominate the behaviour until a 
complete failure. 
Mixed-mode behaviour: For interfacial delamination between, two dissimilar 
materials or a non-isotropic material, the mode mix is commonly observed. In 
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ABAQUS, the traction-separation laws for the opening (mode I in normal direction) 
and shearing (mode II in transverse direction) can be defined independent of each 
other, each with a set of similar parameters. The behaviour of the formation of crack 
can then be defined with the rules of crack initiation, propagation and complete failure. 
The behaviour of interface in the present problem is a combination of mode-I and 
mode-II cracking. Therefore, the choice of rules of crack behaviour is based on 
mixed-mode behaviour. 
A mixed-mode problem in terms of mode-I and mode-II components is illustrated in 
ABAQUS as shown in Figure 3.4. The figure is modified to suite the choice of rules 
to reflect the nature of the problem. 
 
Figure 3.4 Illustration of mixed-mode response in cohesive elements using 
traction separation description (modified after ABAQUS) 
A detailed description of a two-dimensional form of the bi-linear traction separation 
behaviour in mixed mode loading condition is summed up in Figure 3.5. 
{< tn > tn°� }2 + {ts ts°� }2 = 1 
(Elliptical crack initiation criterion) 
GIIGfgτ_interface + GIGfgσ_interface = 1 
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Figure 3.5 Traction-displacement model for mixed mode behaviour (modified 
after ABAQUS) 
Figure 3.5 shows the parameters required to define the interfacial (cohesive) elements 
with initial elastic stiffness (𝐾𝑔), cohesive strength (𝑏𝑛, 𝑏𝑠) and a maximum separation (𝛿𝑓) or overall crack energy (𝐺𝑓𝑔). 
A damage parameter (𝐷𝑚) is used to describe the state of the interface, which evolves 
from 0 (no damage) to 1 (failure) based on a damage evolution rule: 
𝐷𝑚 =
⎩
⎪
⎨
⎪
⎧0                     , 𝛿𝑚 ≤ 𝛿𝑚°
𝛿𝑚
𝑓 (𝛿𝑚𝑚𝑚𝑚−𝛿𝑚° )
𝛿𝑚
𝑚𝑚𝑚(𝛿𝑚𝑓 −𝛿𝑚° ) , 𝛿𝑚° < 𝛿𝑚 < 𝛿𝑚𝑓1                     , 𝛿𝑚 ≥ 𝛿𝑚𝑓     3.2 
At 𝛿𝑚 ≥ 𝛿𝑚𝑓 , 𝐷𝑚 = 1 and 𝑏𝑚 = 0. This indicates that the interface element is fully 
failed to transfer any further stresses across its boundaries. During unloading (for 
example, from location C in Figure 3.5), 𝛿𝑚𝑚𝑚𝑚 remains constant and so does 𝐷𝑚 . 
Therefore, the stress decreases linearly as the opening displacement decreases, with 
the slope 𝐾𝑚 as illustrated by the dashed line in Figure 3.5. Noteworthy in the present 
problem, the effect of unloading can be observed near the interface at the time of 
flexural crack at plate end. That is, when peeling failure occurs, the interfacial stresses 
for cohesive elements start to reduce to zero even before any damage could happen. 
In case of no damage 
In case of linear damage evolution 
𝐆𝐟𝐟 
Crack initiation 
Cracked 
C 
𝑏 𝑛′
,𝑏 𝑠′  
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Assumptions and criterion for damage initiation, propagation and failure: 
The energy release rate is defined as: 
𝐺𝑓 = −𝜎𝜕 𝜎𝑖�  ,      3.3 
where 𝜕 is the potential energy available for crack growth and 𝑖 is the crack area 
(crack length for two-dimensional problems). It is assumed that crack would initiate 
when the available fracture energy (𝐺𝑓 ) equals to critical value (𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 ). The 
crack grows when the available fracture energy is greater than the critical value. The 
complete failure occurs when the available fracture energy is equal or greater than 
total fracture energy (𝐺𝑓𝑔) of the new surfaces formed: 
𝐺𝑓
𝑓𝑒𝑝𝑓𝑒𝑠𝑒𝑛𝑡𝑠
�⎯⎯⎯⎯⎯⎯� �
= 𝐺𝑓𝑔𝑐𝑐𝑐𝑐𝑐𝑐𝑚𝑐  ,  Crack initiation
≥ 𝐺𝑓𝑔𝑐𝑐𝑐𝑐𝑐𝑐𝑚𝑐  ,  Crack grow
≥ 𝐺𝑓𝑔           ,  Complete debonding   3.4 
where, if 𝐺𝑓 is equal to 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 , it represents crack initiation and latter depends on 
the strength of the cracking surface. With increased loading, crack grows within its 
crack energy greater than 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐  until complte debonding at 𝐺𝑓𝑔 . The total 
fracture energy (𝐺𝑓𝑔) is broken down into: 
𝐺𝑓𝑔 = 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 + 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 .    3.5 
𝐺𝑓𝑔 represents the total fracture energy at failure at the adhesive-concrete interface. 
𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 is the mixed-mode fracture energy at the interface at crack initiation. It is 
considered to represent elastic property of adhesive at the time of crack initiation at 
interface. It indicates the total work done in mixed mode by normal and shear 
tractions until crack initiates. 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 is the interface crack energy in the mixed-
mode case, it represents the property of a failing surface from crack initiation to 
complete debonding. ABAQUS requires this value as input. Both together (Gfg) cause 
the overall slip between the interfaces. 
(a) Crack Initiation Criterion: Several different criteria were  implemented in 
ABAQUS. For the present study, an elliptic form for the damage initiation criterion is 
adopted as (ABAQUS): 
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�
<𝑡𝑛>
𝑡𝑛
° �2 + �𝑡𝑠𝑡𝑠°�2 = 1,      3.6 
where 𝑏𝑠° is the shear strength of the interface, < 𝑏𝑛 > =𝑏𝑛 if 𝑏𝑛 > 0 (tension) and 𝑏𝑛 = 
0 otherwise. The Macauley bracket assumes that compression does not cause damage. 
In addition, according to the formulations for cohesive element through the traction 
separation law does not account for the tensile strength of element in the transverse 
direction. However, it suits the behaviour and purpose of adhesive as a component for 
structure integrity and not for structural strengthening. 
The mixed mode stress (𝑏𝑚° ) can be evaluated as: 
𝑏𝑚
° = �(𝑏𝑛)2 + (𝑏𝑠)2 .     3.7 
The mixed-mode displacement can be determined through (ABAQUS): 
𝛿𝑚
° = √(< 𝛿𝑛° 2 > +𝛿𝑠°2) .     3.8 
ABAQUS provides that the individual displacements are evaluated at their respective 
stress components (𝑏𝑛 and 𝑏𝑠), at which the crack initiation criterion is fulfilled: 
𝛿𝑛
° = 𝑏𝑛/𝐾𝑔𝑔 ,       3.9 
𝛿𝑠
° = 𝑏𝑠/𝐾𝑔𝑔 .       3.10 where 𝐾𝑔𝑔 and 𝐾𝑔𝑔 represent the initial elastic stiffness (of bilinear adhesive material 
for present problem) till crack initiation in mode-I and mode-II direction. Until now 
many researchers have been using this approach in such a way so that to avoid a 
change in compliance behaviour of the material linked to the cohesive-zone elements. 
To maintain such an approach an unrealistic value for initial stiffness is provided, if 
not infinite, such that the transverse modulus of the surrounding material and its 
thickness to calculate the cohesive-zone stiffness (Meo and Thieulot, 2005). However, 
this drawback can be modified by adopting a novel approach in the current study 
through associating the initial stiffness of the cohesive law with the properties of 
adhesive. 
Depending on the analysis, at the initiation of mixed-mode failure (at 𝛿𝑚° ), the value 
of traction in normal direction (𝑏𝑛) may or may not be equal to the value of the 
traction in shear direction ( 𝑏𝑠). Therefore, the two components of fracture energies 
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before crack initiation can be denoted in normal or mode-I (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 ) and 
transverse or mode-II (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) directions. 
Once the value of 𝛿𝑚°  is known, the critical crack energies in the normal (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) 
and transverse (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) directions at the time of crack initiation can be evaluated, 
in the following form, respectively: 
𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 = 0.5 𝑏𝑛𝛿𝑚° 𝑏𝐹𝐹𝐹     3.11 
𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 = 0.5 𝑏𝑠𝛿𝑚° 𝑏𝐹𝐹𝐹     3.12 where 𝑏𝐹𝐹𝐹 is a characteristic elemental length adopted in the finite-element model 
(for a cohesive element it is equal to unity). 𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐  and 𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐  are the 
transverse and normal fracture energies at the interface for mixed-mode loading. 
These represent the properties of adhesive, respectively, in shear and normal 
directions until mixed-mode crack initiates at interface. 
(b) Crack Propagation Criterion: Similar to the single mode, at a given damage 
variable, the values of 𝑏𝑛′  and 𝑏𝑠′  are: 
𝑏𝑛
′ = �(1 −𝐷𝑚)𝑏?̅? = (1 − 𝐷𝑚)𝐾𝑔𝑔𝛿𝑛, 𝛿𝑛 ≥ 𝛿𝑛°  ,
𝑏?̅?, (no damage)   
        3.13 
𝑏𝑠
′ = (1 − 𝐷𝑚)𝑏?̅? = (1 − 𝐷𝑚)𝐾𝑔𝑔𝛿𝑠 ,    3.14 
where 𝑏?̅? and 𝑏?̅? are the stress components predicted by the elastic traction-separation 
behaviour (that is, without damage) at the corresponding separations (see Figure 3.5). 
(c) Complete Failure Criterion: The failure criterion for complete debonding is 
adopted as energy based (ABAQUS): 
𝐺𝐼𝐼
𝐺𝑓𝑓𝑓_𝑐𝑛𝑐𝑖𝑐𝑓𝑚𝑐𝑖 + 𝐺𝐼𝐺𝑓𝑓𝑓_𝑐𝑛𝑐𝑖𝑐𝑓𝑚𝑐𝑖 = 1    3.15 
where  𝐺𝑓𝑔𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒  and 𝐺𝑓𝑔𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒  are equivalent to fracture toughness under 
pure mode-II (shearing) and mode-I (opening) conditions, respectively, 𝐺𝐼𝐼 and 𝐺𝐼 are 
the work done by the tractions in normal and shear directions: 
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𝐺𝐼𝐼 = ∫ 𝑏𝑠′𝜎𝛿𝑠𝛿𝑠0   ,     3.16 
𝐺𝐼 = ∫ 𝑏𝑛′ 𝜎𝛿𝑛𝛿𝑛0  .      3.17 
The condition (equation 3.15) is satisfied at 𝐷𝑚 = 1, with 𝛿𝑚𝑚𝑚𝑚 = 𝛿𝑚𝑓 . 
The value of 𝛿𝑚
𝑓  can be calculated if the fracture energy of crack (Gfc_interface) is 
known: 
𝛿𝑚
𝑓 = 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 (0.5𝑏𝑚° 𝑏𝐹𝐹𝐹)�  .    3.18 
Once the value of 𝛿𝑚
𝑓  is known, the crack energies in the normal (𝐺𝑓𝑔𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) and 
transverse (𝐺𝑓𝑔𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) directions can be given in the following form: 
𝐺𝑓𝑐𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 = 0.5𝑏𝑛𝛿𝑚𝑓 𝑏𝐹𝐹𝐹,    3.19 
𝐺𝑓𝑐𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 = 0.5𝑏𝑠𝛿𝑚𝑓 𝑏𝐹𝐹𝐹.    3.20 
Therefore, at 𝛿𝑚𝑚𝑚𝑚  (where,  𝛿𝑚° ≤ 𝛿𝑚𝑚𝑚𝑚 ≤ 𝛿𝑚𝑓 ), damage variable (𝐷𝑚)  can be 
calculated (see equation 3.2). 𝛿𝑚𝑚𝑚𝑚 represents the highest value of displacement (𝛿𝑚) 
reached. That is, 𝛿𝑚 remains as 𝛿𝑚𝑚𝑚𝑚 if there is no unloading, else 𝛿𝑚 < 𝛿𝑚𝑚𝑚𝑚. 
It is noted that equation 3.18 (for 𝛿𝑚𝑓 ) involves the role of parameters 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒, 𝑏𝑛 
and 𝑏𝑠, while the values of 𝑏𝑛 and 𝑏𝑠 depend on 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 when the failure initiation 
criterion is fulfilled. Therefore, it suggests that the value of 𝛿𝑚
𝑓  is directly dependent 
on the value of 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒, while 𝑏𝑛 or 𝑏𝑠 may or may not change (depending upon 
the release of energy before crack initiation, 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐). This procedure resulted in 
the breakdown of the general cohesive law into a number of basic material parameters 
to suit the objectives of the present study. 
3.4 Summary 
This chapter is based on the description of the methods and techniques for 
implementing the crack behaviour of tensile concrete and composite interface using 
the finite-element analysis method using the commercial software ABAQUS. All the 
techniques, assumptions and simplifications used in this project and their justifications 
are detailed. 
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One of the original theoretical concepts of fracture of concrete that was initially 
proposed by Hillerborg (1985) is extended to explain the behaviour of common 
interface between two materials under mixed mode loading to suit the nature of the 
current problem. 
Unlike a traditional approach where cohesive elements (CZM) were only used to 
represent crack development, an approach is devised so that these elements can also 
represent a bulk material along with crack. 
In the following chapters, the methods and techniques of the finite-element approach 
are presented in this chapter are employed in modelling the failure modes of 
externally plated RC beams in mixed-mode loading. 
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C h a p t e r  4 :  V a l i d a t i o n  m e t h o d s  a n d  
n u m e r i c a l  s i m u l a t i o n s  
4.1 Introduction 
In this chapter a finite element model of a plated beam has been developed and 
simulations are carried out. The results are validated against available literature and 
through the development of theoretical models. Such theoretical models constitute 
non-linear models to determine the theoretical capacity of beam and average 
behaviour of flexural crack, such as crack width, length and fracture energy. The 
theoretical models are also validated against literature. Crucial findings have been 
summarised at the end of study. 
This chapter aims to achieve an accurate modelling strategy with the help of 
theoretical derivations and numerical modelling. The theoretical approaches are used 
for verifying the non-linear numerical model, which is then extended to validate with 
the numerical model and literature such as average height and width of flexural crack, 
depth of neutral axis, theoretical capacity of beam and failure moment. As the 
theoretical model cannot determine the premature capacity of section, the numerical 
simulations are strategically designed to take advantage of cohesive zone modelling to 
identify interface failures with regards to material definition(s) and geometrical 
configurations. The intensions of this approach are to identify the role of wide 
parameters (both material and geometrical) responsible for influencing premature 
modes of failures and overall sectional behaviour. For such purposes, numerical 
simulations (implementing plastic-damage model and cohesive damage modelling) 
are validated against tests results across a wide range of parameters mentioned in the 
literature. In particular, the capability of the FE model for predicting the strains, 
failure load, and failure mode (mechanism) and their propagation over a variety tests 
for a range of parametric variations is demonstrated.  
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4.2 Development of Non-linear Theoretical Formulations for a Plated 
Beam with No Premature Failure 
Theoretical capacity of a plated section helps in identifying an extent of difference a 
changing parameter can make towards altering the capacity of the beam. Initially, 
such formulations are validated against the test literature. As formulations are limited 
to beams failing in flexure or compression concrete (which are not the premature 
failures), the validations are limited and can only be checked for such cases. In 
addition, FE simulations are validated against test literature. 
Simple formulations have been shown in Appendix A. With the help of bisection rule 
on the stress-strain block diagram (softening and/or hardening), moment capacity and 
location of neutral axis are evaluated. It is further extended to implement a more 
complex material model (for reinforced concrete beam). 
The behaviour of compression concrete has been simplified into five linear steps until 
a horizontal plateau at ultimate compressive strength of concrete. While the behaviour 
of tension concrete is considered as bilinear elastic-softening (see Figure 4.1). 
 
Figure 4.1 Simplified compressive uniaxial stress-strain relationship 
Similar approach was adopted by Kachlakev et al. (2001); however, they used 
predefined stress-stress behaviour for concrete in compression. Whereas, in this study 
the behaviour of compression concrete is considered parabolic before simplification 
into steps for ease of use and simplicity. The assumptions related with five linear step 
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simplification of parabolic compression concrete has been detailed in Appendix B. 
After this the capacity of the plated RC beam is calculated as follows. 
Theoretical Method to calculate capacity of plated RC section: 
After simplifying the parabolic material behaviour of compression concrete into a five 
step solution, a linear-bisection rule is used to evaluate the capacity of section (and 
position of neutral axis by adjustment) controlled by (a known parameter of) 
compression strain (at the start of plastic plateau, 𝜖𝑜 ). This has been achieved as 
shown below. 
 
 
 
 
 
 
Figure 4.2 Representation of bisection rule 
The moment generated through a part of the section (shaded area in Figure 4.2) 
having certain value of modulus has been shown.  𝜖𝑜  is the compressive strain 
(positive) at the top edge of the cross section (clear from Figure 4.3). Subscripts 𝑏 and 
𝑏 stand for bottom and top fibre respectively. This method is helpful as the beams in 
the present study have a composite section with plate and rebar components. In 
addition to which the linear modulus of elasticity varies within each section. Such a 
change in the modulus indicates change in the moment capacities along the depth of a 
loaded section. 
The positive indicates compression zone and negative as tension. The stress across the 
section depth is a function of strain: 
𝜖𝑜 
𝜖𝑡 
𝜖𝑏 
𝑦 
+ 
_ 
Moment 
𝜖,𝐾 
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𝐾 = 𝐺(𝜖)       4.1 
At any assumed value of ratio 𝑘 (the curvature), the values of strain at the top and 
bottom of the section (material) can be evaluated as follows: 
𝜖 = 𝑘𝑦 + 𝜖𝑜       4.2 
This gives: 
𝑦 = 𝜖−𝜖𝑜
𝑘
       4.3 
And 1st differentiation: 
𝑑𝜖 = 𝑘𝑑𝑦       4.4 Force (𝐹) = ∫ 𝐺(𝜖)𝑑𝐴𝑦𝑏𝑦𝑐 = 𝑏𝑘 ∫ 𝐺(𝜖)𝑑𝜖𝜖𝑏𝜖𝑐    4.5 Moment (𝑀) = ∫ 𝐺(𝜖)𝑑𝐴𝑦𝑦𝑏𝑦𝑐 = 𝑏𝑘 ∫ 𝐺(𝜖) �𝜖−𝜖𝑜𝑘 � 𝑑𝜖𝜖𝑏𝜖𝑐   = 𝑏
𝑘2
�∫ 𝐺(𝜖)𝜖𝑑𝜖𝜖𝑏𝜖𝑐 − 𝜖𝑜 ∫ 𝐺(𝜖)𝑑𝜖𝜖𝑏𝜖𝑐 �    4.6 
The material properties considered are shown in validation stage of the study, with 
concrete behaviour in tension is bilinear elasto-platic (in Figure 4.3, at 𝜖2, 𝐾2 = 𝐺𝑡 =0.1𝐺𝑐′ as the strength of concrete in tension), rebar steel as trilinear and bilinear elasto-
plastic (adjusted to trilinear after validation for the study) and bilinear elasto-plastic 
for external plate. The formulations derived above have been extended to calculate 
capacity of such a non-linear composite section. The positive and negative moments 
have been balanced with the control of top stain-to-neutral axis ratio 𝑘  (that is, 
curvature). The value of top (compression) strain and/or depth of neutral axis is 
controlled to achieve the balance of equations. The final value of top (compression) 
strain (not necessarily 𝜖𝑜) is then confirmed to check (through stress-strain material 
behaviour) if the compression concrete has reached its failure limit (which is 0.0035 
as per BS 8110 and 0.003 as per ACI 318), however during simulation and validation 
stage the preference is given to adjust (calibrate) the initial behaviour of sections. The 
stress values then can be evaluated through material behaviour at a given strain in a 
material. The overall composite section can be ideally represented in Figure 4.3 as 
follows. In addition the thickness of adhesive is also considered in calculation.  
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Figure 4.3 Non-linear composite material for plated section 
After the theoretical formulations to calculate the flexural capacity of a section 
without premature failures, implementation into the finite element package of the 
material models along with the criterion of premature failure was necessary to 
simulate the practical problem. It is done through the verification of simple models to 
check the accuracy of the FE package and followed by validation studies. 
4.3 Development of theoretical formulations to determine the effect of 
Mesh size on average height, width and fracture energy of flexural 
crack 
For an assumed bi-linear elastic-softening material behaviour in tension, the 
derivation in Appendix C theoretically identifies how the choice of element size can 
affect the average height and width of flexural crack for a beam without premature 
failure or at any given load. 
If crack energy is represented by 𝐺𝐺𝐺, elemental width by 𝑏, and crack energy per unit 
width as 𝐾𝑓𝑐, than: 
𝐺𝑓𝑐 = 𝑏𝐾𝑓𝑐       4.7 
Where, 
+ 
_ 
𝐻1 
𝑦 
𝐾𝑜 
𝐾2 
𝐾𝑏 
𝜖1 
𝜖2 
𝜖𝑏 
N. A. 
𝜖𝑜 
𝐾3 𝐾𝑓𝑒𝑏𝑚𝑓_𝑡𝑜𝑝 
𝐾𝑓𝑒𝑏𝑚𝑓_𝑏𝑜𝑡𝑡𝑜𝑚 𝐾𝑝𝑐𝑚𝑡𝑒_𝑡𝑜𝑝 
𝜖3 
𝜖4 𝜖5 
5 𝑡𝑏𝑖𝑏𝑡{ 
𝐾5 
𝐾4 
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𝐾𝑓𝑐 = ∫𝐾𝜎𝜖 = 0.5𝜖𝑜𝐺𝑡     4.8 
The average crack width 𝛿: 
𝛿 = 𝜖𝑏        4.9 
The average crack height is evaluated through the bisection rule: 
At 𝛿𝑓, value of 𝑖∗ (crack extension) can be evaluated: 
𝑖∗ = 𝛿𝑓
𝑏
1
𝑘
       4.10 
And total crack as: 
𝐺 = 𝛿
𝑏
1
𝑘
        4.11 
The concept of arbitrary crack or notch is used to determine the average height of 
notch and crack energies: 
Height of notch is given by: 
𝑑′ = 𝐺 − 𝑖∗ = �1 − 𝛿𝑓
𝛿
� 𝐺      4.12 
The general equation for crack energy is obtained as: 
𝐺𝑓𝑐
′ = 0.5(𝐺𝑡 + 𝐾′)𝛿𝑏      4.13 
The specific cases capturing the growth of crack are indicated in Appendix C. In this 
way the properties of flexural crack can be theoretically determined and are validated 
against test literature and FE results later on in this study. 
It is noteworthy that the element size has been chosen to match with the maximum 
aggregate size. It is because the maximum size of aggregates defines the overall crack 
spacing. While the element size is chosen, the corresponding fracture energy is 
evaluated or converted for the element width using the strain values provided in test 
literature. These are input into the FE model. Hence, the fracture energy obtained 
from the literature for the corresponding aggregate size is considered and should be 
re-evaluated accordingly if element width is altered. Else the mesh sensitivity is 
shown during the FE model verification stage elsewhere in this study. 
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Side by side the theoretical evaluation of behaviour of beam and cracks, a finite 
element model is needed to represent the test beam with premature failure(s). 
4.4 Finite Element Implementation 
General: 
The FE method is used as a general method for structural analysis where a continuum 
problem is discretised and approximated by a finite number of interconnected element 
types to represent the solution domain of the problem. 
The problems engaging the solution of linear equations, the FE analysis has widely 
been accepted as a design method. In cases of nonlinear analysis the acceptance of FE 
methodology for analysing the problem depends on two major factors. 
Firstly, the increased computational effort required for the non-linear analysis 
necessitates the need for high-performance facilities which are affordable at the same 
time in terms of economic costs. The technological advancements in the recent 
decades have made it possible to cross this barrier. 
Secondly, the level of complexity of the non-linear problem demands efficient 
nonlinear solution system of algorithms emphasising on establishing the accuracy and 
reliability of the proposed model. Improved element characteristics and efficient 
nonlinear algorithms directed the research to experience ABAQUS. This does not 
ignore the level of difficulties still abound in terms of applications to RC structures 
and the effort required by the researcher. This is because the behaviour of RC 
structures in distinctly nonlinear for several factors taken into consideration: (a) 
nonlinear behaviour of concrete and steel; (b) concrete cracking; and (c) adhesive 
nonlinear behaviour based on particular cohesive laws. 
Therefore, taking these points into account, the problem is implemented into a FE 
package with the necessary assumptions as follows. 
Assumptions for the Model: The FE model is designed to capture the simultaneous 
premature modes of failure at the soffit of the plate and failure in flexure. The failure 
of beam in compression and shear-block are not considered as premature failures and 
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are not incorporated in this FE model. However, the concrete can take the maximum 
capacity in compression and the strains can be noted at the end of analysis mainly to 
identify exceedingly high strains. For analytical purposes, it is assumed that 
compression crushing occurs when the peak strain of 0.0035 (BS8110) has been 
reached. The section is assumed to be sufficiently reinforced in shear to avoid shear 
mode of failure. The validation studies have been conducted later on with test 
literature to represent this behaviour. However, in practice if section is weak in shear, 
the shear failure may occur before section can fail prematurely in tension. Beam 
observing a failure mode through diagonal tension the shear reinforcement is found to 
be ineffective to prevent crack (Oehlers, 2001) and such a tension diagonal cracks 
originating from the end of plate are captured though the model. A perfect bond has 
been assumed between the rebar section and the surrounding concrete surface and the 
slip can be modelled through tension stiffening model in tension-concrete. 
4.4.1 Overall FE Model: 
The numerical analysis herein is a two dimensional-nonlinear finite element analysis 
of the experimental literature by means of the commercial FE program ABAQUS. 
This analysis is a nonlinear static procedure with a classical Full-Newton solving 
method. Mesh size of 20 x 20 units (1 unit = 1 mm) has been selected for the model to 
be around the size of the maximum aggregate size provided in larger literature and it 
is also based on the verification studies that are indicated later on in this study. The 
continuum elements for plate and concrete are taken as 8-node quad elements (with 
reduced integration) to consider for the bending nature of the problem for improved 
accuracy. 
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Figure 4.4 Mesh layout for plated beam (mesh size is 20 x 20 mm) 
As shown in Figure 4.4, relatively finer mesh has been considered at supports and 
load points to avoid stress concentration and numerical instability. The cohesive 
elements are horizontally staked and tied to concrete elements on top and steel plate 
elements on bottom. 
Loading and Boundary conditions: Half-beam was provided with y-axis symmetry 
at the middle of the beam along the sectional depth by restraining the horizontal x-
axis movement (see Figure 4.5). Support plates were provided in order to prevent load 
punching and with an advantage of having a free rotation. Load was induced in the 
form of displacements at load plates (rather than directly applying loads in MLT-2) to 
reduce the time of analysis; and this helped in making the analysis execute faster. 
However, the results have not been provided in this study. 
  
Magnified 
Magnified 
Top to Bottom: Concrete cover, Epoxy, Retrofit-plate respectively 
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Figure 4.5 Equivalent geometry considered for finite element modelling 
In Figure 4.5, the stress diagram at tension region indicates that the formation of 
flexural cracks, and thus the contribution (positive or negative) of tension concrete 
towards the capacity of beam, is considered both in the theoretical model and numerical 
model. 
4.4.2 FE Model Verification Studies: 
Load Increments: 
The FE model developed for simulation purposes follows a step-by-step development 
process so that convincing results are obtained from the simulations. For this purpose, 
a beam, geometrically similar to beam URB1 by Jones et al. (1982), was modelled 
with no steel reinforcements and arbitrary material properties were chosen for 
software verification. The span and depth of the beam are 2250 mm and 150 mm 
respectively. The major steps following verification process are summarised in the 
flow-chart diagram (see Figure 4.6). 
1) Assumption of material properties, section type, and boundary conditions 
2) Theoretical investigation of the sectional stresses and strains, and neutral axis 
3) Implementing step-1 into FE modelling 
4) Finally the accuracy of results from FE model (step-3) are compared with 
those of theoretical values (step-2) 
  
Y-Symmetry 
Supported at 
Support Plate 
Load at Load Plate 
Rebar(s) layers 
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Figure 4.6 Model Verification 
For verification purpose, the following property is implemented in FE model with 15 
MPa as maximum value of stress (compressive strength). However, the load is applied 
for the stress of 18 MPa. This would allow checking the behaviour of FE model after 
maximum stress is achieved. It is seen to enter plasticity (see Figure 4.7). 
Table 4 - 1 Details of beam used in for verification study 
 FEM capacity (this material 
was fed into FE model) 
FEM boundary condition (only 
P/2* was implemented 
calculated for following 
material, that is, material 
properties through which load 
was calculated that has been 
used in FEM and not the load 
of the actual material input 
shown on left column) 
Load (P/2) 5243.900 (capacity of 
following material. This load is 
not input) 
5927.557 (This load is input, 
and it is calculated for 
following material) 
Stress Top, 𝐾1 15 (input) 18 
Strain Top, 𝜖1 0.00075 0.0009 
Stress 1 Bottom, 𝐾2 -4.2 -4.2 
Strain 1 Bottom, 𝜖2 -0.00021 -0.00021 
Stress 2 Bottom, 𝐾𝑏 -6.137143078 -6.889090909 
Strain 2 Bottom, 𝜖𝑏 -0.001178572 -0.00711 
E 20000 20000 
E1 2000 2000 
N.A 58.33 55 
*Inputting the larger load was helpful to identify the behaviour of model after 
maximum limits were reached. It was seen to attain a plastic plateau (see Figure 4.7). 
For material behaviour input in FE model shown in Table 4 - 1 refer to Appendix A 
(see Figure A.1 Bilinear material behaviour with softening and/or hardening). The 
Assumption of material properties, 
section type, and boundary conditions 
Theoretical investigation of the 
sectional stresses and strains, 
and neutral axis 
FE model 
V
er
ifi
ca
tio
n 
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load calculated through this is not used, rather a higher load is input to check the 
behaviour of FE model to behave after the capacity has reached for the input material 
properties. 
The step increment size was fixed from initial value of 10-5 to maximum value of 10-2 
of the total displacement provided as load (see Table 4 - 2). The importance of the 
step increment is visible in the following output results obtained for the job on middle 
top most and bottom most integration points. 
Table 4 - 2 Assumptions for step-increment size for verification 
Attempts Initial increment Maximum increment 
i) 1 (Auto) 1 (Auto) 
ii) 10-5 1 (Auto) 
iii) 10-5 10-2 
The output results have been compared with the input data. 
This case was tested to evaluate the behaviour of software under extra load than the 
capacity of section. 
 
Figure 4.7 Verification for choice of increment in step size 
Thus, comparison plot clearly indicates that reducing load increments has been 
helpful to obtain precise output (that is, Attempt iii accurately overlaps Manual Input 
Data). 
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Comparison of results: As seen from Figure 4.7 the increment size affected the overall 
behaviour of loaded section, however the final values remain unaffected for all FE 
models and are identified in Table 4 - 3. 
Table 4 - 3 Result analysis 
 Manual FEM 
Load (P/2) 5243.9 (capacity) 5927.557 (equal to input) 
Stress Top 15 15 
Stress Bottom -6.194836473 -6.13053 
Strain Top 0.00075 0.000941555 
Strain Bottom -0.001207418 -0.00178791 
Neutral Axis (from Top) 57.47 52 and 52.5 (respectively from 
stress and strain plots in Figure 
4.8) 
“Top” and ”Bottom” indicate “Compression” and ”Tension” sides respectively. 
The location of neutral axis is suggested through stress or strain variation along the 
depth of the section of the FE model as shown through the vertical line-segments in 
Figure 4.8. 
 
Figure 4.8 The distribution of stress and strain in the longitudinal direction 
across the depth of the section 
It is seen from Figure 4.7 that the reduction in the incremental load size from default 
value has considerably increased the accuracy of results during the analysis. For 
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present problem, the error is completely eliminated with the choice of initial 
increment of 10-5 and maximum increment of 10-2. It is also noticed that the FE model 
can take an extra load (until and equal to input load of 5927.557 units) after the 
formation of initial plasticity at the extreme fibres of the section (at theoretical 
capacity of 5243.9 units) without effecting the maximum elemental stresses (see 
Table 4 - 3). 
The control over load increment size is crucial from the aspect of capturing crack 
initiations that may occur at an early stage of the analysis. It is because maintaining a 
desired load increment; jump in analysis is prevented and helps to achieve more 
accurate results. 
After the accuracy of the FE model is verified based on the load increment size, it is 
seen in the following section with the help of FE analysis that how the choice of 
element size affects the accuracy of results. 
Mesh Sensitivity: 
In light of this study, the plated section was chosen to test the effects of mesh size 
over unplated beam. The plated beam is a different section to unplated beam. A plated 
beam simulated to a balanced section URB4 (Jones et al., 1982) has been picked for 
verifying mesh size, while later in the validation section [Section 7.2] an unplated 
beam from the same reference has also been simulated to indicate compliance for 
overall behaviour with the literature. The details of the beam are summarised in Table 
4 - 4. 
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Overall Mesh size: 
 
Figure 4.9 Sensitivity for overall mesh size 
The material properties input into the FE model remains fixed, the fracture energy of 
the tension concrete has been calculated for element width of 20 mm to keep it in 
close agreement with maximum aggregate size of 19 mm given in literature (Jones el 
al, 1982). The alterations in element size would result in the change in fracture energy. 
For example, originally the cracking strain distribution (tensile fracture energy) has 
been matched with an element width of 𝑏. While the material properties input remain 
same, the increase in element width to 𝐵 would redistribute the (original) cracking 
strain or fracture energy to a larger surface, thereby allowing for more space to allow 
for additional cracking strain (cracks) for additional width of 𝑏′ (𝑏′ = 𝐵 − 𝑏) and 
hence increased load capacity. Such an argument is well supported from the plots in 
Figure 4.9 with mesh sizes of 80 x 80, 60 x 60, 25 x 25, 20 x 20, 5 x 5 and unmeshed. 
Therefore, in the present type of problem where fracture energy has been initially 
calculated for a certain element size, it becomes more important to check the effect of 
mesh size on overall behaviour of beam (capacity and stiffening) while the input 
properties (fracture energy) remain fixed. 
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Mesh Size (vertical x horizontal): 
 
Figure 4.10 Sensitivity for element height and width 
Figure 4.10 indicates the effect of variation of mesh sides on the overall load-
deflection behaviour of beam. To analyse such effect of sides of element is 
particularly important in a problem subjected to mixed mode stress distribution. The 
mesh is varied as 20 x 20, 80 x 80, 20 x 80, 80 x 20 and 40 x 20. 
Generally, it is observed that increasing vertical size of mesh element is responsible to 
stiffen the beam. 
While the instability is introduced with the increase in horizontal mesh size which 
might be due to reduced cracking strain. This is given in relation to equation C.7 
(Appendix C) when 𝐺𝑓𝑐 remains constant and 𝑏 is increased. Therefore, it indicates 
that the vertical side of element is directly related to crack energy 𝐺𝑓𝑐 as the flexural 
crack propagates in the direction parallel to the vertical side. 
4.5 Model Validation 
As a novel approach, the Cohesive Zone Model (CZM) has been adopted along the 
concrete-plate interface to indicate adhesive; this will also simulate interfacial cracks. 
CZM will indicate adhesive thickness, the initial material properties for adhesive just 
before the formation of interfacial crack, and the properties of crack just after the 
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formation of crack. Properties for crack indicate the properties of weakest material 
where the crack has initiated; these can be either adhesive or concrete in present 
problem. 
Simulations for validation were done for 24 beams based on the data by Jones et al 
(1982), Oh et al (2003a), Jones et al (1988), Charif A (1983), P M Heathcote (2004), 
M Ashrafuddin (1995) and, B B Adhikary and Mutsuyoshi (2002), to take into 
account the wide variety of work in the current research field and availability of 
laboratory experimental data. To check the reliability of FE model the data was 
extracted for 4 beams (designated as URB1 (unplated beam), URB2, URB4 and 
URB5) from Jones et al (1982). Twelve beams have been picked from Oh et al. 
(2003a) (namely: Control (no plate), S43, S23, S43S1, S43S2, S43S3, S43S4, S33, 
S53, S41, S45 and S47). Two beams by Charif (1983) namely F01 (no plate) and F31. 
Two plated beams from Heathcoat (2004) namely P1 and P3A as other beams (largely) 
involved aspects beyond the scope of present study such as variation of internal 
reinforcement and bolted plates. Three beams were matched with the series F15, F25 
and F115 Ashrafuddin (1995) and Ashrafuddin et al. (1999). One plated beam (A-1) 
was matched with the FE results of Adhikary and Mutsuyoshi (2002). Beams without 
plate represent the behaviour of concrete; however, the behaviour of the retrofitted 
section is found to be more dependent on the properties of retrofit plate. The test 
specimens covered a large range of variables, such as different beam sizes, material 
properties, shear-span to depth ratio, adhesive line thickness, plate thickness, plate 
length, covercrete thickness and different failure modes. Later it is shown that the 
methodology adopted to calibrate the models has been found to capture the multiple 
failure modes in accordance with the experimental references registered herewith. 
Table 4 - 4 sums up the details provided regarding the geometrical and material 
properties for the beams considered for numerical simulation. 
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Table 4 - 4 Geometrical and material properties of selected beams for numerical simulation 
Source Beam name Beam dimensions Concrete Internal Steel 
reinforcement (deformed) 
External Plate Adhesive 
(includes assumed**) 
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Jones et 
al. 
(1982) 
UBR1 2250/ 
150 
100 150/ 
130 
50.72~ 18114.3*/ 
0.14* 
None 2 @10/ 
530 
200 None None 
UBR2 216.6 192 2150/ 
80/ 1.5 
1.01 6000 3 
UBR4 217.5 200 2150/ 
80/ 5 
2.17 
UBR5 240 200 2150/ 
80/ 10 
2.18 
Charif 
(1983) 
F01 (no 
plated) 
2300/ 
767 
155 225/ 
190 
44.64~ 36740.7*/ 
0.08* 
 3 @20/ 
430 
200 None None 
F31  246 200 2200/ 
125/ 6 
5.01 235.5
9 
1.5 
Heathcot
e (2004) 
P1 2000/ 
850 
150 300/ 
262 
45.76~ 16948*/ 
0.062* 
 2 @10/ 
488 
201 337 202 1700/ 
150/ 5 
2** 4827.
6 
1** 
P3A 300/ 
237 
 
 
47.44~ 17570.4*/ 
0.064* 
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Table 4 - 4 (…Cont.) Geometrical and material properties of selected beams for numerical simulation 
Source Beam name Beam dimensions Concrete Internal Steel 
reinforcement 
(deformed) 
External Plate Adhesive 
(includes assumed**) 
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Oh et 
al 
(2003a
) 
Un-plated 2400/ 700 150 250/ 
120 
28.7 29464.8*/  
0.042* 
2 
@13
/ 345 
2 @16/ 
365 
200 None None 
S43 292 208
.57 
2000/ 150/ 4 2** 2300 3 
S23 2000/ 150/  2 3 
S43S4 2400/300 2000/ 150/ 4 3 
S43S1 2400/1050 2000/ 150/ 4 3 
S43S3 2400/500 2000/ 150/ 4 3 
S43S2 2400/900 2000/ 150/ 4 3 
S33 2400/700 2000/ 150/ 3 3 
S53 2000/ 150/ 5 3 
S41 2000/ 150/ 4 1 
S45 2000/ 150/ 4 5 
S47 2000/ 150/ 4 7 
Chapter 4: Validation methods and numerical simulations 
76 
 
 
Table 4 - 4 (…Cont.) Geometrical and material properties of selected beams for numerical simulation 
Source Beam 
name 
Beam dimensions Concrete Internal Steel 
reinforcement (deformed) 
External Plate Adhesive 
(includes assumed**) 
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Ashrafuddin 
(1995), 
Ashrafuddin 
et al. (1999) 
F1512 1200/ 
400 
150 150/ 
130 
47 5529.4*/ 
0.4* 
 2 @10/ 
414 
200 276 200 1100/ 
150/ 1 
2** 280 1.5 
F253 42 4941.2*/ 
0.357* 
 1100/15
0/2 
F1153 45 5294*/ 
0.38* 
 900/ 
150/ 1 
Adhikary and 
Mutsuyoshi 
(2002) 
A-1 1900/ 
875 
200 250/2
15 
40 20512.8*/ 
0.0585* 
 2 @16/ 
337 
176 264 193 900/ 86/ 
2.3 
4 60 1** 
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4.5.1 Specimens of Jones et al (1982): 
Combinations of theoretically under-reinforced (URB1 (no plate), URB2), balanced 
(URB4) and over-reinforced (URB5) sections were picked for numerical simulation. 
As with the modes of failures identified by Jones et al. (1982), the under-reinforced 
sections yielded with debonding cracks at and beyond mid-spans propagating 
outwards. The balanced and over-reinforced sections failed by debonding at plate end. 
In close agreement with Jones et al. (1982), the debonding crack propagated over a 
large distance of shear-span from plate-end. The graphical validations of cracks are 
represented elsewhere in the study. 
 
Figure 4.11 Load verses longitudinal strain for rebar at mid-span (bilinear 
verses trilinear behaviour verification for rebar) 
The data by Jones et al. (1982) for assuming the behaviour of rebar was important in 
the sense that the validation studies are conducted to choose between bilinear or 
trilinear behaviour of tension rebars as follows next: 
a) Bilinear (with a yield strain of 0.00265). 
b) Trilinear (adopted): As per BS8110, this gives yield strain of 0.00465; which is 
closer to the value of strain at proof stress, that is, 0.0046 by Jones et al. (1982). 
Such a choice is validated against test literature (Jones et al, 1982) as in Figure 4.11. 
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The maximum load sustained by unplated beam with trilinear and bilinear behaviour 
of rebars was 27.8 kN and 29.1 kN respectively (see Figure 4.11). However, both are 
in close agreement with test load of 28.1 kN noted by Jones et al. (1982); beam with 
trilinear rebar has less absolute error (of 0.3 kN) compared to bilinear rebar (of 1 kN). 
The overall load deflection behaviour of beam is validated in Figure 4.12. 
 
 
Figure 4.12 Load-deflection plots with modes of failure 
Table 4 - 5 Failure loads 
Source URB1(Control) URB2 URB4 URB5 
Experimental load 
(kN)/Mid-span deflection 
(mm) (Jones et al, 1982) 
25.0/ 19.81 40.0/ - 55.9/ - 49.6/ 10.5 
FEM load/Mid-span 
deflection (mm) (kN) 
27.76/ 19.87 36/ 20.2 (Plate Yield: 
22/ 7.7) 
49.7/ 16.58 41.2/ 7.2 
The initial stiffness of the test beams and FE model overlap. With increased load, the 
numerical beams with thinner plate are slightly stiffer than the test beams. However, 
the numerical beams softened with increased loading until failure. The modes of 
failure matched with the literature. The experimental and numerical load capacities at 
first failure with the corresponding mid-span deflections (wherever provided) for the 
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beams URB1, URB2 URB4 and URB5 are summarised in Table 4 - 5. It is quite 
evident that the error in the load carrying capacity increases for beams with thicker 
plates; this may be due to the instability of the FE model after the appearance of 
premature cracks. 
The plots in Figure 4.13 (and final values in Table 4 - 8) confirms the parametric 
influence of varying plate thickness, that is, the decreasing plate thickness results in 
reduced load carrying capacity of the beam and also reduces the stiffness of the beam, 
thus comparably leading to larger deflections at lower values of loads. However, it 
comes at the cost of premature failure (for balanced to over-reinforced beams) from 
ductile failure (for overall under-reinforced beams). 
 
Figure 4.13 Load verses longitudinal strain for plate at mid-span 
The developments of longitudinal strains for rebar with trilinear behaviour have been 
validated in Figure 4.14. Relatively lower strains are reported by numerical model 
until yielding is achieved. 
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Figure 4.14 Load verses Rebar strains at mid-span in longitudinal direction 
 
Figure 4.15 Longitudinal strain distribution across sectional depth 
The cross sectional strains in longitudinal direction for beam URB4 are validated in 
Figure 4.15 at the loads of 10 kN, 20 kN, 30 kN and 40 kN. The relative difference of 
strains increased for numerical model with increased load. This may be due to relative 
increase in the ductility of numerical beam with increased loading (see Figure 4.12). It 
is because the behaviour of beam directly depends on the choice of material properties 
of the beam. Although the beam URB4 is a balanced beam, however, unlike FEM 
results, the experimental strains suggest the change in neutral axis with load. In 
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addition, the FE model predicts a plain cross section (as the coloured strain-depth 
curves are linear), while the experiments seem to show a nonlinear distribution of the 
strain. These issues may arise due to the inaccuracies in experimental methods used to 
measure strains such as electrical resistance gauges or a mechanical extensometer. 
After the validation of load-deflection behaviour of beams, development of steel 
strains based on assumed material properties and distribution of strains along the cross 
the cross section, the distribution of longitudinal strains along the adhesive-covercrete 
interface are compared by adopting the following procedure. After this, it was 
possible to compare the distribution of flexural cracks. The theoretical properties of 
average flexural crack are also validated in the following section. 
Crack formations 
Beam URB1 
For the unplated beam URB1, in the FE model, at 25 kN of load a total of 7 flexural 
cracks (small and large) appeared within half of mid-span (symmetry) with an average 
spacing of 51 mm. This spacing is given at 63 mm by Jones et al (1982). With the 
help of FE model, the average spacing is calculated through distribution of flexural 
strains at the bottom of covercrete as shown in Figure 4.16. The value of strain equal 
to exceeding the theoretical value at complete formation of flexural crack is named as 
complete crack and are encircled in red. 
𝑡𝑚𝑎𝑔 = 
1
𝑛
∑ 𝑡𝑐
𝑛
𝑐>0      4.3 
where 𝑡𝑚𝑎𝑔 denotes average spacing, ∑ 𝑡𝑐𝑛𝑐>0  is sum of spacing between each crack 
and 𝑡 indicates number of cracks. The average spacing is evaluated as 51 mm from 
Figure 4.16. 
Spacing average including the cracks that have initiated just after reaching the elastic 
limit for a total of 9 cracks is evaluated as 40 mm. In this case no crack crossing 
elastic limit is observed beyond the complete-crack at mid-span.  
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Figure 4.16 Flexural strain distribution at 25 kN for beam URB1 
Average total length (height) of flexural crack using visualisation (explained in 
Section 4.5.6) at given load (25 kN) is noted as 75 mm. 
The crack height of the FE model for a given beam under loading can also be 
validated using theoretical derivations discussed previously compared with the tests 
results of relevant literature: 
With ‘𝜖𝑐 = 𝑓𝑐𝐹𝑐’ as the elastic strain for concrete, the value of 𝛿𝑓 was calibration as 20𝜖𝑐 for simulation of beams for Jones et al (1982). For a given value of compressive 
strain8 𝜖𝑜 as 0.0056, 𝐸𝑐 is calculated using the five-step solution (see Appendix B) to 
the parabolic assumption as, 𝐸𝑐 = 𝐸1 ≈ 2 ∗ 𝑓𝑐′𝜖𝑜 (see equation B.14). 
At this, 𝐺𝑓𝑐  is calculated for single crack over width 𝑏  using equation C. 23 (see 
Appendix C) with 𝛿𝑓 equal to 20𝜖. The value of 𝐺𝑓𝑐 for 𝐺𝑡  of 5.072 MPa, strain of 
0.00028 for aggregate of 20 mm and 𝑏 of 10 mm is evaluated to be 0.142 MPa-mm. 
Theoretical crack height can be calculated for actual beam if average crack width 𝛿 is 
calculated from theoretical formulations using equation C.4. This value then can be 
verified with Jones et al. (1982), and this will verify the theoretical approach as 
follows next. 
                                            
8 The strains noted varied from 0.0011 to 0.0056, Jones et al (1982). Therefore the value was selectively picked for 
the beam not failing prematurely rather lately in compression after a desired failure in yielding of steel. The 
compression strains are noted at ultimate capacity of section. While for beams failing in compression, Jones et al 
(1982) noted these strains at the time of premature capacity of beam failing at tension face. Whereas, unplated 
section failed relatively earlier by the yielding of rebars. Therefore the strains are noted at this point and not at 
compression failure (additionally, compression failure for URB1 is not indicated by Jones et al (1982)). The 
compression strains are noted at 20 kN while the maximum load sustained is 28.1 kN for unplated beam URB1. 
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Using theoretical calculations (see Appendix A) the value of 𝑘  at capacity is 
calculated as 12.9 x 10-5 at neutral-axis of 43.4 mm. The condition for steel yield was 
met at 𝜖 < 𝜖𝑜, and calculations were accordingly manipulated. 
𝛿 is calculated using theoretical formulations at capacity and is equal to the strain at 
bottom fibre (with subtracted by the elastic strain for concrete) times element 
characteristic width. The strain at bottom fibre is noted as 0.013758832 and elastic 
strain for concrete as 0.00028. With the elemental characteristic width of 10 mm, 𝛿 is 
evaluated as 0.1348 mm. 
Since here 𝛿 > 𝛿𝑓, Case III applies (see Appendix C), that is, complete crack forms, 
therefore, 𝐺𝑓𝑐𝑔𝑓𝑜𝑠𝑠 is evaluated using equation C.24 as 3.42 MPa-mm and 𝐺𝑓𝑐𝑛𝑜𝑡𝑐ℎ using 
equation C.27 as 3.28 MPa-mm. 
The average height of crack can be calculated at 𝛿 using equation C.11 as 104 mm. 
For comparison, the crack height given by Jones et al. (1982) is 110 mm and FE 
model is 101 mm (see Table 4 - 8). 
The average height of notch or complete-crack 𝑑` is calculated using equation C.14 as 
61 mm with 𝛿 equal to 0.0138 mm and 𝛿𝑓 of 0.0059 mm for element characteristic 
width of 10 mm (giving ∆𝛿 as 0.0788 mm). 
Other beams: 
The manner indicated above is more useful from the aspect of collecting data 
especially for comparison purposes such as the effect on strain distribution due to 
plate thickness and length, choice of adhesive, fracture energy, etc. These studies are 
conducted later on in the study. Meanwhile, the crack spacing, crack height and 
number of crack can be directly observed using the visualisation mode in ABAQUS 
by adjusting the minimum starting strains as required. That is, elastic strains to 
observe complete cracks along with the direction of propagation represented by 
plastic strain (crack energy), or complete cracks can be observed by adjusting starting 
strain equal to theoretical elastic strain plus theoretical plastic strain for crack 
energy 𝐺𝑓𝑐. This procedure is shown elsewhere in the study (see Section 4.5.6) and 
values are summed up in Table 4 - 8. 
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4.5.2 Specimens of Charif (Charif, A., 1983): 
Charif (1983) tested specimens for determining the range of properties for a two part 
epoxy adhesive. The initial modulus of elasticity determined by the tangent at the 
origin of the stress-strain curve was found to range from 428.1 MPa to 2081.7 MPa, 
secant modulus determined as an average value over a longitudinal strain of 0.02 was 
different from initial elastic modulus and varied from 230.4 MPa to 663.0 MPa. 
Charif (1983) indicated that the initial Poisson’s ratio varied from 0.55 to 0.72, and 
0.48 to 0.64 for average at 0.02 of longitudinal strain. A 1.5 mm epoxy adhesive 
adopted in the relevant publication by Jones et al. (1988) for testing plated beams had 
an initial modulus of 801 MPa and average at 0.02 elongation of 278.9 MPa, the 
initial and average at 0.02 elongation poisons ratio was 0.70 and 0.58 respectively. 
The interface stress was noted for 6 mm plated section at 5.01 MPa (Jones et al., 
1988). 
Due to the nature of the present study, the initial modulus (which is relatively larger 
than average at 0.02 elongation) was adopted. It is because, in some cases, due to 
initial stiffness in adhesive the stresses might develop rapidly that could lead to 
interface failure through layer of covercrete plaster. However this fact needs to be 
investigated in present study. Apart from this, the differences in initial stiffness may 
also redistribute stresses differently and thus affect the formation and distribution of 
adjacent cracks; and a comparison is made by considering both set of values to 
indicate this. It is also noted that both adhesives are relatively softer compared to the 
large value of initial stiffness of 2081.7 MPa as indicated earlier in the study. 
The shear modulus of elasticity is calculated as 235.59 MPa for initial modulus of 801 
MPa. 
The validation studies for load-deflection behaviour (see Figure 4.17), distribution of 
longitudinal strains along the plate length for a given load (see Figure 4.18), the shear 
stress distribution along the adhesive-covercrete interface (see Figure 4.19) and the 
effect of the choice of initial shear stiffness of adhesive on distribution of shear stress 
at adhesive-covercrete interface (see Figure 4.20) are shown next. 
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Figure 4.17 Load verses Mid-span deflection 
 
Figure 4.18 Longitudinal strain distribution along the plate 
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Figure 4.19 Stress distribution in transverse direction along the plate length 
 
Figure 4.20 Effect of choice of adhesive’s initial stiffness on transverse 
stresses at concrete-adhesive interface 
Figure 4.17 shows that the initial stiffness for the FE beams are in close agreement 
with the experimental beams. With increased loading, the stiffness of FE beams 
slightly reduces; however, the modes of failure remain same. The final capacities of 
the FE beams, F01 and F31, are noted to be 151 kN and 193.7 kN as compared to 
experimental results of 210 kN and 180 kN respectively. The failure capacities of the 
beams are dependent on the mode of failure. Specimens F01 and F31 show that the 
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second beam has a larger capacity, while the FE simulations have an opposite 
behaviour. It is because the unplated beam F01 could take additional load in 
experimental as the reported mode of failure was flexural crushing of concrete after 
yielding of the rebars. Whereas, FE model is not designed to fail in concrete-crushing 
after the capacity on compression is reached. 
In Figure 4.19, the development of stress concentrations were observed at plate end as 
the load was increased. As expected the average zero is observed at mid-span, 
however the local mode-II stresses are developed mainly as a result of discontinuities 
due to the formation of flexural cracks. Such behaviour is relatively less accurate with 
the method of laboratory testing and data extraction by Jones et al. (1988). According 
to theoretical evaluation by Ascione (2000), the peak stress at plate plate-end at the 
loads of 60 kN, 140 kN and180 kN were 0.9 MPa, 2.1 MPa and 2.7 MPa respectively, 
which is close to as established in the present FE model of 0.6 MPa, 1.6 MPa and 2.7 
MPa. 
The effect of the choice of adhesive properties on stress distribution at interface is 
shown in Figure 4.20. 
With the use of stiffer adhesive, the distribution of stresses seems be more even. As a 
result, the formation of cracks seems to be closely spaced. Similar observations on the 
formation and distribution of flexural cracks were made by Macdonald and Calder 
(1982). However, taking into account the importance of adhesive stiffness, this 
property needs further investigation before any conclusion is drawn at an early stage. 
The observations for the location of peak interfacial stresses are in agreement with the 
FE model of Teng et al. (2002) and in disagreement with the theoretical model of 
Smith and Teng (2001). Teng et al. (2002) and current model found that peak stresses 
occur near plate end and not at plate end as identified by Smith and Teng (2001) and 
Roberts (1989). Ascione and Feo (2000) also identified the location of high stresses 
near plate end. Unlike Teng et al. (2002) who noted zero stresses at plate end, current 
FE model was in close agreement with the experimental observations of Charif (1983). 
For example, at the load of 60 kN, current FE model noted shear stress of -0.38 MPa 
which is in close agreement that of -0.36 MPa noted by Charif (1983). 
Chapter 4: Validation methods and numerical simulations 
88 
 
 
4.5.3 Specimens of P M Heathcote (2004): 
Heathcote (2004) tested a large number of RC beams for varying thickness of 
covercrete and varying internal reinforcements with plates bolted at soffit. He also 
tested a few plated beams without bolts. Two beams P1 and P3A were picked (see 
Table 4 - 4) for validation with FE model. The position of tension rebars varied with 
P1 having a cover thickness of 25 mm and P3A with 50 mm. 
Heathcote (2004) adopted an adhesive through a commercial supplier Sika (Sikadur, 
2012).  
The validation studies for load-deflection behaviour (see Figure 4.21), distribution of 
longitudinal strains along the plate length for beam P1 (see Figure 4.22) and for beam 
P3A (see Figure 4.23) are shown next. 
 
Figure 4.21 Load verses mid-span deflection 
Both FE sections failed in peeling as the same mode of failure reported by Heathcote 
(2004). The first failure cracks appeared at 77 kN for P1 and 72.5 kN for P3A 
compared to 78.9 kN for P1 and 75.3 kN for P3A reported by Heathcote (2004). 
Therefore, the decrease in load of appearance of flexural crack at plate end is a result 
of increased depth of clear cover. FE analysis stops with the instability caused due to 
large strains, and the post-peak behaviour has not been included to save cost of 
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analysis; it is because the post-peak behaviour is not important after the beam has 
reached its premature capacity. 
 
Figure 4.22 Longitudinal strain distribution along the plate for beam P1 
 
Figure 4.23 Longitudinal strain distribution along the plate for beam P3A 
Unlike experimental strains, the strain-distributions for FE model at plate end (see 
Figure 4.22 and Figure 4.23) suggest that the strain start to develop suddenly at a 
small distance from plate end rather than from the beginning of plate-end. 
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4.5.4 Specimens of M Ashrafuddin (1995): 
Sections were picked for F15, F21 and F115 series to show the different modes of 
failures. Three modes of failures were seen, that is, flexural, peeling and mid-span 
debonding. The FEM sections (without shear stirrups) for F15, F21 and F115 matched 
closely with the behaviours of beam F1512, F256 and F1153 respectively tested by 
Ashrafuddin et al. (1999) and Ashrafuddin (1995). 
 
Figure 4.24 Load verses central deflection verification and validation 
The load-deflection behaviour was validated as shown in Figure 4.24. The load 
capacities and modes of failure were in close agreement with the results. In addition, 
debonding cracks at mid-span for beam F156 (from series of beams F15) are clearly 
visible in the publication of Ashrafuddin et al. (1999), however such a mode of failure 
was not criticised. Interestingly, this mode of failure is very well captured by the FE 
model for beam F1512 from the same series of F15. As shown in the following Figure 
4.25, the cohesive elements are degraded. It is also observed that the debonding 
cracks that appeared at mid-span propagated outwards, and thus the use of cohesive 
elements with traction-separation law was advantageous in this regard over other 
element types: 
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Figure 4.25 Mid-span debonding cracks appeared 
Unlike F115 range, the behaviour for F15 and F25 ranges was similar among each set 
(Ashrafuddin, 1995). Therefore, a section with 1 mm plate thickness and 150 mm of 
curtailment length was compared with the results of Ashrafuddin et al. (1999) for 
varied shear stirrup spacing (30 mm, 60 mm and 120 mm) in Figure 4.24. The results 
obtained by FE model for F115 range are in closest agreement with F1153, that is, 
stirrups are very closely placed (that is, 30 mm compared with 60 mm and 120 mm 
for other sets) and therefore the relevant beam is very strong in shear capacity. 
Thereby, this observation reconfirms the assumption that the FE model is considered 
safe in shear. That is, the FE model is not designed to fail in shear and so no shear 
stirrups were necessary to check the behaviour in shear capacity. 
4.5.5 Specimens of B B Adhikary and H Mutsuyoshi (2002): 
The validation results on load-deflection behaviour of the beam A-1 is plotted in 
Figure 4.26. FE model by Adhikary and Mutsuyoshi (2002) noted the debonding (at 
plate end) capacity of section as 87.7 kN. Current FE model obtained a capacity of 
86.9 kN compared to the experimental value for beam A-1 by Adhikary and 
Mutsuyoshi (2002) of 84.5 kN. 
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Figure 4.26 Load versus central-displacement 
It can be noted at increased loading that the FE model of Adhikary and Mutsuyoshi 
(2002) is relatively softer and indicates closer load-deflection behaviour to 
experimental beam. This may be due to the general use of elastic-plastic-parabolic 
softening behaviour of concrete in tension by Adhikary and Mutsuyoshi (2002). 
However, due to the use of brittle interface elements with no softening, their FE 
model was unable to capture the accurate behaviour of interfacial crack in terms of 
crack propagation and direction of propagation, and therefore debonding was captured 
as a sudden failure. Therefore, with the use of his interface model, the formation of 
interfacial cracks at mid-span would indicate a complete debonding and a mode of 
failure of beam. In addition, their FE model did not identify peeling failure. Whereas, 
all these factors of practical significance are represented in the FE model of this study. 
4.5.6 Specimens of Oh (Oh et al., 2003a): 
Comparing the simulation of the beams from Oh et al. (2003a), the sequence of failure 
modes (among plate yielding, plate separation and diagonal tension failures) as 
reported by the said authors have been successfully captured for all 12 beams as 
summed up in Table 4 - 6, Table 4 - 7 and Figure 4.27 (Exception: Shear compression 
failure cannot be captured by the current model for beam S43S4). 
Oh et al. (2003a) noted that the diagonal cracks occurred with the separation of steel 
plates. This indicates that in cases where diagonal crack was observed it followed 
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plate separation, that is, debonding of plate from end caused peeling-flexural cracks 
that propagated further diagonally. This behaviour might be due to high stress 
concentrations at plate end, which may have resulted formation of flexural cracks 
before plate started to debond along the interface. Such behaviour was confirmed 
through FE model. The loads of appearance of first flexural cracks are noted in Table 
4 - 7. 
Table 4 - 6 Accuracy of sequence in failure modes 
Beam Exp. Failures 
in sequence 
FEM Failures 
in sequence 
Comments 
Control Flexure Flexure Without retrofitting plate 
S43 PS, DT PS, DT, PY The epoxy damage is more than 100% at plate end. 
Plate yields after PS, thus the first mode of failure is 
PS now 
S23 PY, PS, DT PY, PS, DT As plate and rebars yielded + End epoxy degraded 
0% + Diagonal crack flow observed 
Epoxy degrade more than 98% 
S43S4 SC, PS -, PS The epoxy damage is more than 99%. Current FE 
model cannot capture SC 
S43S1 PY, PS, DT PY, PS, DT Plate yielded first. The epoxy damage is 100% and 
eroded. Plate yielded, Tension rebars yielded, 
Compression concrete reaches maximum strength 
S43S2 PS, DT PS, PY, DT Plate yielding was observed within mid-span. 
S43S3 PS, DT PS, DT The epoxy damage is 100% and eroded. Plate not 
yielded, that is, no PY failure 
S33 PY, PS, DT PY, PS, DT The epoxy damage is more than 80% at the time of 
plate yielding. Plate and Tensile rebars yielded. 
The epoxy damage is 100%. Plate yielded and 
Tensile rebars almost yielded. First mode of failure 
is yielding- almost 
S53 PS, DT PS, DT The epoxy degraded completely 
S41 PS, DT PS, DT The epoxy degraded completely 
S45 PS, DT -, DT The epoxy degraded completely 
S47 PS, DT -, DT The epoxy degraded completely 
PY = plate yielding, PS = plate separation/debonding, DT = diagonal tension 
failure/peeling, SC = shear compression failure  
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(a) Beams with varying plate thickness 
 
(b) Beams with varying adhesive thickness 
Figure 4.27 Load verses displacement validation plots 
Figure 4.27 indicate that for majority of the beams, the initial stiffness of FE model 
overlaps with test data, such as beams: control beam, S53, S23, S45, S33 and S47. For 
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given element types and material properties, with the increase in load, the numerical 
beams are slightly stiffer. Beam S23 in indicates a relatively large difference in such 
behaviour at the middle of analysis, while this gap is reduced at the end of analysis 
with the yielding of plate. Beam S43 in shows a slight deviation in the beginning and 
beam S41 shows a relatively large deviation; however as the load progressed this 
difference is reduced. At the end of analysis the test-to-numerical ratios at peak load 
are attained as summarised in Table 4 - 7. 
As the theoretical capacity of the beam would vary with changing shear span while 
other properties remain unchanged, the comparison of theoretical, numerical and test 
data is indicated in Figure 4.28 at ultimate capacities. While the numerical and test 
data at first mode of failure is compared in Figure 4.29 to indicate the accuracy of 
numerical results at first mode of failure.  
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Figure 4.28 Comparison of ultimate capacities 
 
Figure 4.29 Comparison of capacities at first mode of failure 
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In all cases the results overlap except for the very low shear-span to depth ratio of 
1.36. In addition, to the best knowledge of author, the behaviour of critical regions 
and crack distribution is not provided in literature and is investigated elsewhere in this 
study. 
As was expected, the strengthened beams gave higher failure loads with lesser 
deflections. The un-plated beam (control beam) and under-reinforced beam (such as 
beam S41) fail in ductile flexural manner (also see Figure 4.27) with comparatively 
larger crack widths (see Table 4 - 8). 
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Table 4 - 7 Validation for loads & central displacements 
Beam 
FE
M
 
(F
irs
t f
le
xu
ra
l 
cr
ac
k 
at
 p
la
te
-e
nd
) 
Lo
ad
 (k
N
) 
FE
M
 
(P
ee
lin
g,
 D
T)
 
Lo
ad
 (k
N
)/ 
D
is
p.
 
(m
m
) 
Ex
p.
/ F
EM
 L
oa
d 
(S
ep
ar
at
io
n,
 
D
eb
on
di
ng
, k
N
) 
Ex
p.
/ F
EM
 L
oa
d 
(Y
ie
ld
, k
N
) 
Ex
p.
/ F
EM
 L
oa
d 
(P
ea
k,
 k
N
) 
Ex
p.
/ F
EM
 D
is
p.
 
(S
ep
ar
at
io
n,
 
D
eb
on
di
ng
, m
m
) 
Ex
p.
/ F
EM
 D
is
p.
 
(Y
ie
ld
, m
m
) 
Ex
p.
/ F
EM
 D
is
p.
 
(P
ea
k,
 m
m
) 
Control (un-plated) - - - 79/79 89/79.3 = 1.12 - 7.2/5.02 34.7/- 
S43 100 130.4/4.1 126/127.37 - 126/132.4 = 0.95 -/3.97 - 4.35/4.2 
S23 112.2 141.45/8.13 131/140.4 -/115 136/144.25 = 0.94 -/7.83 -/4.67 8.15/8.98 
S43S4 100 136.46/1.79 214/132.2 - 221/140.4 = 1.57 -/1.72 - 5.13/1.89 
S43S1 100 130.9/5.78 129/128.07 -/114 132/132.87 = 0.99 -/5.39 -/4.3 5.94/6.16 
S43S3 100 130.26/3.26 131/127.24 - 135/132.9 = 1.01 -/3.16 - 4.67/3.38 
S43S2 100 130.6/4.99 127/127.7 -/128.7 128/132.64 = 0.96 -/4.08 -/4.86 5.61/5.16 
S33 105 133.9/4.84 129/131.4 -/124.4 137/137.5 = 0.99 -/4.72 -/5.38 7.02/5.06 
S53 92 127.4/3.58 132/124.35 - 142/128.96 = 1.1 -/3.46 - 5.0/3.65 
S41 99 130.97/4.17 120/128 - 125/134.3 = 0.93 -/4.05 - 4.68/4.35 
S45 100 132.5/4.13 134/- - 134/132.5 = 1.01 -/4.13 - 4.97/- 
S47 95 131.8/4.04 140/- - 150/131.8 = 1.13 -/4.04 - 5.35/- 
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Visualisation of behaviour of failure modes, that is, crack initiation, 
debonding and crack propagation: 
This section captures the behaviour of crack types, such as crack location, failure and 
direction of further propagation. The behaviour of crack types captured through 
studying FE model has been found in close agreement with test literature. 
For the test beam specimens of Jones et al. (1982), due to relatively longer shear 
spans and low depth of the section, the premature failure by peeling was not quite 
apparent for the chosen cases both in literature and numerical model. However, such 
mode of failure is apparent for the beams with different cross-section and length for 
Oh et al. (2003a). Due to large types of premature cracks and their sequences captured 
by Oh et al. (2003a), the beams tested by Oh et al. (2003a) have been used to validate 
the behaviour of premature cracks. However, the section representing debonding at 
mid-span was not captured by the beams tested by Oh et al. (2003a) and therefore an 
example of the beam URB2 by Jones et al. (1982) has been taken for the simulation 
and validation purposes. Numerical beams are showing expected crack patterns and 
while the accuracy of the results has been indicated in the relevant studies. Following 
Lubliner et al. (1989), in order to model tensile flexural crack in concrete, ABAQUS 
assumes that cracking initiates at points where the tensile equivalent plastic strain is 
greater than zero, 𝜖?̃?
𝑝𝑐 > 0, and the maximum principal plastic strain is positive. The 
present numerical model is in close agreement with the literature, and to indicate this 
two beam by Oh et al. (2003a) (S43S3 and S43S4) and one beam by Jones et al. (1982) 
(URB2) have been picked for validation studies for the reasons suggested earlier. 
Beam S43S3: 
The failure modes captured consist of plate-end debonding (First Premature failure), 
peeling and diagonal crack. 
Ideally, the formation of diagonal propagation of flexural crack emerging from plate 
end would lead to either: peeling failure if debonding at plate-end is avoided, or a 
large diagonal-tension crack. 
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Figure 4.30 Capturing plate-end Debonding, peeling and/or tension-Diagonal 
crack (beam S43S3) 
  
 
PE debonding visualised as element gets deleted 
with degradation exceeding 100% 
DT propagation 
 
 
PE debonding propagation as crack 5 in Figure 2 - 1 
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Figure 4.31 Appearance and formation of debonding and flexural cracks at 
plate end for beam S43S3 
In present case, as the debonding at plate-end has occurred (at 132.2 kN) before a 
peeling crack (at 136.46 kN), such mode of failure will further propagate diagonally 
towards forming a diagonal-tension crack. Such behaviour is identical to test beam by 
Oh et al. (2003a) and the numerical presentation is shown in Figure 4.30. 
The rate of crack opening for flexural and interface cracks has been captured in Figure 
4.31. SDEG indicates damage 𝐷, debonding occurs at 𝐷 =  1. Apart from confirming 
the rapid nature of crack opening, Figure 4.31 reconfirms the first mode of failure as 
debonding at plate end. 
Beam S43S4: 
The failure modes captured consist of plate-end debonding (First Premature failure), 
peeling and density of diagonal crack. 
Similar to the case with beam S43S3 discussed before, the diagonal-tension crack(s) 
has formed as beam failed prematurely in debonding at plate-end as first mode of 
failure (see Figure 4.32). The location of formation of peeling crack has also been 
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highlighted with high concentrations of localised stresses. However, unlike beam 
S43S3, in this case it is seen that shorter shear span is subjected to increased density 
of diagonal cracks; this is in clear agreement with the test observations of Oh et al. 
(2003a). 
 
 
 
Figure 4.32 Capturing peeling and crack density for Diagonal cracks (beam 
S43S4) 
URB2: 
The failure modes captured consist of flexural failure (rebar yields) and mid-span 
debonding. 
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(a) 
 
(b) 
Figure 4.33 Failure modes (beam URB2): (a) Capturing mid-span debonding, 
(b) Rate of interface damage at critical locations 
The Figure 4.33(b) indicates that, although the crack initiates at plate-end relatively at 
lower load to mid-span, the rate of latter’s propagation is rather steep; resulting into 
debonding at plate-mid. The FE model starts to capture crack initiation more 
prominently as the steel starts to yield. With increasing load the cracks have been 
Mid-span debonding 
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observed propagating outwards. In Figure 4.33(a), the damage intensities within the 
cohesive element determine the crack initiation region and propagation path with the 
higher to lower damage intensities respectively. 
At the end of the verification and validation stage, the initial findings of the study are 
outlined next. 
4.6 Key findings for modelling accuracy 
As the results indicate the accuracy of the FE model, the main observations comply 
with the test literature (such as modes and sequence of cracks, cracking and beam 
load capacities and load-deflection behaviour). There is a clear lack of literature to 
validate results in more detail such as behaviour of cracks and parametric influences 
of modes of failure and capacity of beam. Accuracy has also been presented for the 
non-linear theoretical models to determine the capacity of section failing in flexural 
and average width and height of flexural crack. 
During the validation stage of the FE model, the importance of a variety of parameters 
is noted for simulation purposes. Some of the these findings are highlighted in the 
following sections. However, further investigation is carried out in the following 
chapters. 
Concrete: 
The effect of the assumed value of initial elastic modulus for concrete 𝐸𝑐 is to largely 
controls the initial stiffness of the section. A lower value of stiffness decreases the 
initial stiffness of beam. Adjusting this parameter is useful in relation to concrete 
strain (see Appendix B). It is because it was seen in the available literature that the 
modulus of elasticity is indirectly evaluated and varies excessively with the 
geometrical parameters (apart from concrete mix ratio) of the test specimens (Jansen 
and Shah, 1997). 
Effect of the tensile strength for concrete 𝐺𝑡 is noted such that the lower value leads to 
increased sectional flexibility. However, no clarity is found in literature to highlight 
its influence on modes of failure. Therefore, it is investigated in this study. 
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Effect of the compressive strength for concrete 𝐺𝑐 is noted such that the higher value 
increases the stiffness of the section. The effect on the premature capacity of the beam 
is negligible; this fact is further confirmed by the theoretical investigation of Raoof et 
al. (2000). 
Effect of 𝐺𝑓𝑐  (fracture energy for concrete) is noted such that the higher values 
increase the ultimate capacity of the beam and lower values might not yield the 
required capacity of the beam. Meanwhile, lower values make beam more flexible. 
This may be due to increased brittleness (reduced stress redistribution) of the 
formation of flexural crack with lower values; however it needs investigation. It is 
observed so far that in the light of the literature considered for validation studies, the 
fracture energy for covercrete varied from 0.042 MPa-mm to 0.4 MPa-mm; however 
this range can be varied for further investigation based on wider literature. The 
fracture energy for concrete can be evaluated numerically through numerical 
calibration of FE model or converted from experimental strains; the value increases 
with increased reinforcement in RC. The sensitivity studies for 𝐺𝑓𝑐 are provided in 
Chapter 7. 
Adhesive: 
The material behaviour for adhesive (reported in literature) in transverse and normal 
directions varied. Although, their clear effect on modes of failure was not evident at 
this stage, it indicates influence on the distribution of flexural cracks and debonding 
mode of premature failure. The effect of wider properties of adhesive will be explored 
in the following Chapters, such as initial stiffness and failure strength. 
Thicker adhesive seems to be less efficient in stress-redistribution and as such avoids 
debonding at plate end. It seems to slightly improve the premature failing capacity of 
the beam. However, a detailed study is needed to understand the stress developments. 
Plate: By keeping the plate width constant, apart from affecting overall stiffening, the 
thickness of plate seems to affect the mode of failures. In light of this, a further 
investigation is required by keeping the cross sectional area of plate constant while 
the plate thickness is altered. 
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Plate length, as expected, seems to alter mode of failure. Shorter plate favoured 
peeling failure at lower capacity. However, this needs detailed investigation. 
Effect of load position: Increasing shear span is found to reduce possibility for failure 
at plate ends and resulted failure due to yielding of plate but at the cost of relative 
capacity of section. However this parameter needs to be investigated further as it is 
likely that debonding cracks and large flexural cracks may form at mid-span with 
increased 𝑖/𝑑 ratio due to increase in ductility. 
Shear stirrups: It was evident from the validation studies for Ashrafuddin (1995) that 
the FE model is equivalent to a test beam relatively reinforced high in shear. 
Mesh sensitivity: While keeping the fracture energy for flexural cracks in concrete 
constant, the choice of vertical height and horizontal length for element were found to 
affect the overall performance of the beam mainly in terms of final capacity and 
overall stiffness of the beam. Increase in overall mesh size increases the capacity of 
the beam. Numerical instability is introduced with the fineness of overall mesh size 
and increase in horizontal mesh size. Increase in the vertical height of the mesh 
stiffens the beam. The vertical side of element is directly related to crack energy 𝐺𝑓𝑐 
as the flexural crack propagates in the direction parallel to the vertical side. 
Such observations imply the need to investigate relevant parameters further for their 
effect on the behaviour of prematurely failing beam. 
4.7 Summary 
In this chapter, theoretical and FE models are developed. The sensitivities of the load-
step size and mesh are presented. The accuracy of the theoretical and FE model is 
presented through validation of results against test literature. At the validation stage of 
the development of the FE model, it was noticed that wide variety of literature has 
established various material and geometrical properties. Considering the validation 
studies reported in the literature, regions of critical importance to capture the 
premature failure were highlighted. Main conclusions are outlined at the ends of the 
parametric studies sections. These include studies on changing the geometrical and 
material properties of the components of a plated beam on the behaviour of the beam. 
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Table 4 – 8 (…Cont.) Comparison of behaviour of cracks and load capacities 
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2003a) 
   -/ 0.03 -/ 160/ 157 Flexural/ Flexural 91.5/ 90/ 
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135 
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S33 (Oh el at, 
2003a) 
   -/ 0.03 -/ 135/ 143 Flexural/ Flexural 97/ 115/ 
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156 
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S43 (Oh el at, 
2003a) 
   -/ 0.02 -/ 126/ 129 Debonding at plate end/ 
Debonding at plate end 
118/ 124/ 
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126/ 132.4/ 
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44.1/ 61.4 
S53 (Oh el at, 
2003a) 
   -/ 0.02 -/ 120/ 117 Debonding at plate end/ 
Debonding at plate end 
-/ 130/ 
129.1 
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49.7/ 67.2 
S41 (Oh el at, 
2003a) 
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Debonding at plate end 
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Peeling 
118/ 124/ 
118 
150/ 131.8/ 
178 
52.5/ 62.2 
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2002) 
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159 
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F1512 
(Ashrafuddin, 
1995) 
   -Not clear-/ 
0.32 
-/ 86/ 97.3 Flexural/ Flexural  -/ 64/ 51.6 74.6/ 76.6/ 
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(Ashrafuddin, 
1995) 
   -Not clear-/ 
0.24 
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2004) 
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While the accuracy of the model (in terms of flexural cracks) for the unplate beams is 
demonstrated at the validation stage, using visualisation method on FE model 
(demonstrated in Section 4.5.6) the average crack spacing, average height, load at first 
crack, load of appearance of first premature crack and crack type are noted and 
compared with the theoretical values in Table 4 - 8. The theoretical calculations are 
based on the theoretical models for beams without premature failure and are derived 
in Sections 4.2 and 4.3. Therefore, the novel use of CZM to represent both, that is the 
interfacial crack and adhesive properties have been identified with the accuracy 
demonstrated at validation stage, including the location of crack initiation. Therefore, 
such an approach of CZM is exploited in the following chapters (Chapters 5 and 6) to 
fulfil the objectives of the research, which is to study the properties of adhesive on 
interfacial crack(s). 
It is noted from Table 4 - 8 that with the increase in total reinforcement, the average 
crack height and average crack width consistently decrease and the depth of neutral 
axis increases. 
It should be noted that the beams not failing in yielding/flexure of external steel, the 
theoretical values for average crack width, average crack height, depth of neutral axis 
and capacity of section cannot be compared with those of FE model or tests’ results. It 
is because the theoretical values are predicted full capacity of section failing in flexure. 
Additionally, the theoretical values for prematurely failing beams are provided only 
for analytical purposes. 
The beams with larger shear span (such as S43S1, S43S2), the theoretical capacity is 
closer to experimental capacity. In addition, unlike the beams failing prematurely, the 
beams failing in flexure as first mode of complete failure are showing experimental 
capacities in close agreement with the theoretical predictions. 
After the suitability of FE model is checked, next follows the parametric studies by 
changing the geometrical and material properties of the components of plated beam 
on the behaviour of beam. 
 
  
 
C h a p t e r  5 :  P a r a m e t r i c  s t u d i e s  o n  
t h e  e f f e c t  o f  m a t e r i a l  p r o p e r t i e s  
5.1 Introduction 
Insufficient literature was found addressing the effect of wide range of parameters that 
may directly or indirectly influence the overall or regional behaviour of section in 
terms of load carrying capacity and modes of failure. Literature was seen to draw 
general conclusions based on the studies by varying few parameters, whereas it is 
established that the large number of parameters are involved that may independently 
affect the behaviour of beam. Therefore, a need was felt to conduct such studies. As 
the problem is intended to investigate the behaviour of premature failures in tension, 
geometrical and material parameters are picked accordingly (including properties of 
adhesive). To do this, it was important to initially pick reasonable ranges of selected 
parameters from literature. The effects of such variables were then studied though a 
selected beam via finite element modelling. The chosen section was initially validated 
with literature and this was called as control beam for the present studies so as to 
compare results (obtained by changing parameters) with respect to a reference 
(control) beam. 
In order to be able to effectively carry out a parametric investigation, a plated beam 
whose section was originally designed as under-reinforced is considered. In case, 
increasing the plate thickness may result into an over-reinforced section (steel of 
internal rebar(s) and external plate), such a section would still observe premature 
failure in tension. The choice of the section is made based on the following points: 
- the accuracy of the behaviour of FE simulated beam validated through 
literature, 
- overall an under reinforced section, so that the increase in the thickness of the 
external plate can be studied, and 
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- failure prematurely, so that the effects of wide variety of parameters can be 
checked that can improve the load of failure and/or change the mode of failure. 
The major parameters studied have been reviewed in Chapter 2. The parameters 
selected for the study are picked in accordance if they were found to indicate some 
influence on the modes of failure and premature capacity of the section and needed 
further research. Apart from that, other parameters have been picked which were 
found to be missing in literature and need investigation as they might influence 
behaviour of cracks and premature capacity of section. The parameters selected to 
study consist: 
1- Shear strength for interface (𝑏𝑠°) 
2- Shear stiffness of adhesive at interface (𝐾𝑔𝑔) 
3- Mode-II fracture energy at interface (𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) 
4- Adhesive thickness ( 𝑏𝑔) 
5- Shear span-to-depth ratio (𝑖/𝑑) 
6- Plate width-to-thickness ratio (𝑏𝑠 𝑏𝑠⁄ ) 
7- Tensile strength for concrete (𝐺𝑡𝑐) 
8- Fracture energy for covercrete (𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒) 
9- Normal stiffness of adhesive at interface (𝐾𝑔𝑔) 
10- Normal strength for interface (𝑏𝑛° ) 
11- Plate thickness (𝑏𝑝) 
12- Plate length in shear-span (𝐿𝑝𝑠) 
The parameters have been categorised into ‘material parameters’ and ‘geometrical 
parameters’. In the present chapter, the ‘material parameters’ have been studied as: 
1- Shear strength for interface (𝑏𝑠°) 
2- Shear stiffness of adhesive at interface (𝐾𝑔𝑔) 
3- Mode-II fracture energy at interface (𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) 
4- Tensile strength for concrete (𝐺𝑡𝑐) 
5- Fracture energy for covercrete (𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒) 
6- Normal stiffness of adhesive at interface (𝐾𝑔𝑔) 
7- Normal strength for interface (𝑏𝑛° ) 
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The effect of wide range of parameters has been investigated over critical section 
susceptible to failure(s) originating at the tension side of the beam, as identified in 
previous chapter and literature. It is identified that the critical regions where 
separation may happen are usually at the ends of the plate, and at the middle of the 
beam. Separation of the plate is referred to as debonding, while separation that 
involves a portion, or all, of the concrete cover is referred to as peeling. It should be 
noted that crack propagation within the concrete cover may also occur and may lead 
to peeling. This too will be considered in this study. 
To examine the mode(s) of failure(s) at the critical regions the following results have 
been monitored via the output of the FE model: 
- The development of shear stress (S12) at the common surface (cohesive 
elements). The values at the middle and ends of the plate have been monitored. This 
allows for interface failure to be observed. 
- The flexural strains (E11) within the elements of the concrete cover. Again, 
both end values and the strain at the middle of the plate have been considered. This 
allows for identification of modes of failure related to the development and 
propagation of cracks within the steel cover layer. 
- The normal strain (E11) in the middle of the plate. This should indicate 
whether the steel plate has yielded. 
The development of the stress and/or strain at the critical region(s) is useful to study 
the relative effect of a variable parameter. 
The abbreviations used to identify such modes of failures are categorised in Table 5 - 
1. 
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Table 5 - 1 Abbreviations for failure modes 
E11End Flexural (tensile) strain on covercrete at plate end 
E22End Tensile strain along the rebar-covercrete interface 
E11Mid Flexural (tensile) strain on covercrete at mid span 
E11PlateMid Flexural (tensile) strain on plate at mid span 
S12End Shear stress at the concrete-adhesive  surface at plate ends 
(Transverse direction) 
S22End Normal stress at the concrete-adhesive  surface at plate ends 
(Normal direction) 
S12Mid Longitudinal shear stress at the concrete-adhesive interface at 
mid span (Transverse direction) 
E11Cover Distribution of flexural strains along the adhesive-covercrete 
interface 
According to the material models presented in Chapter 4, the critical values to observe 
cracks/failures within the control beam (finite element model) have been summarised 
next. These values have been reported in literature and/or used to simulate the control 
beam. For example, the debonding crack is dependent on the strength of the 
composite surface, the tensile stains for steel are reported at yielding of plate and 
rebar, the tensile and compressive strengths for concrete are respectively used to 
predict the flexural and compression cracks/failures. 
To observe the initiation of debonding crack in a mixed mode problem, the failure 
strengths in normal and transverse direction are taken to be 2.87 MPa and 2 MPa 
respectively. It is important to note that, according to present approach for CZM, the 
strength of interface in normal direction is the minimum of the tensile-strengths for 
the materials forming the common interface (that is, concrete and adhesive). The 
average strength of interface in transverse direction is experimentally determined by 
Heathcote (2004) as 2 MPa. While the initiation of such a crack can be confirmed if 
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the value of damage factor SDEG is greater than zero, and a complete debonding is 
confirmed if the damage approaches 100%. Oh et al. (2003a) reported the normal 
stiffness of the adhesive at 2300 MPa/mm; therefore this value also indicates the 
normal stiffness of the interface in finite element model. In addition, transverse 
stiffness of the interface (𝐾𝑔𝑔) was evaluated at 991.4 MPa/mm using the poison’s 
ratio for adhesive at 0.16. Other parameters, such as fracture energy of interface and 
tension concrete, were fine tuned to obtain a reasonable agreement between test 
results and the FE model. The flexural crack in concrete is assumed at the strain of 
0.0001 (calculated at 10% fc′) and a complete crack at around 0.003 (calculated at 30𝜀). 
Concrete in compression is assumed to reach capacity at the compressive strain of 
around 0.002 (Oh et al., 2003b). The yielding in external plate and rebar can be 
observed at the tensile strains of 0.0014 and 0.002 respectively (Oh et al., 2003b). 
Along with the geometrical and mechanical parameters for the control beam (see 
Table 4 - 4), the validation studies for this beam have been described in Chapter 4 (see 
beam abbreviated as S41). 
Effects of parameters have been studied over a range of values. At the end, the overall 
influences, significance and behaviour have been discussed. 
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5.1.1 Behaviour of control beam 
This section is originally failing prematurely in debonding at plate end as first mode 
of failure and peeling as second mode of failure. 
Figure 5.1 shows the beam at debonding failure at plate end. This occurred at a load P 
= 128 kN. Separation of the plate can be clearly seen at the end of the plate. To 
confirm debonding at plate end as a first mode of failure, the development of stresses 
and strains at the critical sections, as the load is increased, are shown in Figure 5.2. 
It is clear from Figure 5.2 that at a load of about 93 kN the shear stress S12 reaches its 
maximum value of around 2 MPa at the end of the plate. This indicates initiation of 
interface crack and initiation of plate separation dominated by the development of the 
transverse stresses. At this point, the values (𝑏𝑛, 𝑏𝑠) were noted to be (1.06, 1.99) MPa. 
The corresponding ratio ��< 𝑏𝑛 > 𝑏𝑛°� �2 , �𝑏𝑠 𝑏𝑠°� �2� was evaluated to be (0.13, 0.99). 
As initial stiffness of adhesive (or interface) for control beam were 2300 MPa (normal 
direction) and shear 991.4 MPa (transverse direction). These were used to calculate 
the corresponding displacements, corresponding critical energies, and the mixed mode 
displacement through the relevant equations (see Chapter 4). The corresponding 
values of displacements in normal (𝛿𝑛° ) and transverse (𝛿𝑠°) directions are around 4.6 x 
10-4 mm and 0.002 mm using equations 3.9 and 3.10 respectively. These were 
combined as per equation 3.8 yielding mixed mode displacement at the time of crack 
initiation (𝛿𝑚° ) as 0.002. This value of 𝛿𝑚°  was substituted in equation 3.11 and 
equation 3.12 giving critical energies in normal ( 𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 ) and transverse 
(𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) directions around 0.001 and 0.002 respectively. In addition, the mixed 
mode stress (𝑏𝑚° ) is calculated using equation 3.7 as 2.25 MPa. 
The flexural crack appears at plate end at 100 kN. At a load of about 110 kN, the rate 
of the opening of the interface crack becomes high. Meanwhile debonding crack is 
propagating towards the mid-span (see Figure 5.1); there is a sudden increase in the 
rate of flexural strain (E11End) which indicates the formation of flexural crack in 
concrete cover at plate end. The flexural strains at the middle are comparatively small 
due to sudden increase in rates of stress development at the plate end. This may be 
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due to the discontinuity in sectional geometry at plate end. However, at a load of 
about 115 kN the rate of increase in shear stress at interface and flexural strain over 
covercrete becomes quite large until the beam fails at a load of 128 kN. After this the 
ultimate capacity of beam was seen in peeling at 134 kN. The relative comparison of 
tensile strains in covercrete at plate end (E11End) and along the rebar-covercrete 
interface (E22End) with the applied load confirms the peeling failure originating from 
plate end and propagating along the rebar-covercrete interface. It indicates that the 
peeling failure is an ultimate consequence of flexural failure at plate end. However, 
more investigation is needed to study the possible propagation of cracks along the 
rebars. 
Examination of the strains at ultimate failure shows that neither the plate nor the 
rebars have reached their yield value. Strain values are summarised in Table 5 - 2. 
The above analysis indicates that, for normal strength concrete, initial failure of an 
under reinforced beam is likely to be due to the formation of interfacial cracks at the 
ends of the plate (debonding failure at plate end). These cracks tend to weaken the 
composite action between the plate and the concrete section. In addition, flexural 
cracks develop and propagate in the concrete cover which might be responsible for 
peeling failure. However, in present case first mode of failure is found to be 
debonding at plate end. This effect tends to continue until the plate is fully separated 
(debonded) from the concrete section and/or a flexural crack near the plate end 
develops into a peeling failure. In present case, the debonding failure at plate end is 
followed by flexural failure of the concrete section at the end of the plate (peeling) as 
a second mode of failure. However, in most cases first mode of failure can be 
considered as the primary mode of failure. Therefore, the suggested mode of failure in 
this analysis is rather debonding than peeling at plate end while the gap between the 
two loads is of only 3 kN as seen in Figure 5.2. 
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Figure 5.1 Location and propagation of debonding failure for control beam 
 
 
 
Figure 5.2 Behaviour of control beam at critical regions 
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5.2 Motivation behind each parameter 
5.2.1 Shear stiffness of the adhesive material (𝑲𝑲𝑲) 
The interface stiffness controls slip between the plate and beam before the initiation of 
interfacial crack. Therefore, its effects are more critical at interface and to the 
formation of debonding in particular. 
A two-dimensional cohesive element is implemented to model adhesive. ABAQUS 
indicates a method to provide the normal stiffness of the interface through the material 
properties of the bulk material like adhesive. This application is extended further to 
define the shear stiffness of the interface as well. Such are the initial stiffness of the 
interface until failure criterion is reached. 
Therefore, it is assumed that the stiffness of the interface in the normal direction 𝐾𝑔𝑔 
is derived through the tensile stiffness (or Young’s modulus) of adhesive 𝐸𝑔, and the 
interface stiffness in the transverse direction 𝐾𝑔𝑔  is associated with the normal 
stiffness (or Shear modulus) of adhesive 𝐺𝑔. 
Due to the location of adhesive near the surface of premature failure(s), the properties 
of adhesive could play a crucial role in effecting the formation of crack (particularly 
debonding, a mixed mode failure). While the mixed-mode failure at interface is 
caused with the contribution of stress developments in both directions (normal and 
transverse), the shear stiffness of the adhesive along the plate length is particularly an 
important parameter to consider as it affects the debonding mode of failure due to 
higher rate of stress development in transverse direction than in normal direction (see 
Figure 5.2 for overall stress-strain plots at critical regions for control beam). In the 
present case the effect of shear stiffness of adhesive is observed as its effect(s) is not 
clear from the literature. 
The effects of the shear stiffness are more critical where separation of the plate is 
likely to take place. The influence of the shear stiffness of adhesive 𝐾𝑔𝑔 would be 
judged within a practical range through (but not limited to) development of stresses at 
the interface, load of damage initiation, load of failure, effect on the crack distribution, 
effect on the failure mode(s) and effect on the capacity of the section. 
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5.2.2 Effect of the strength of interface 
The failure of plated RC beam is not limited to the flexural failure and material 
properties of the section; it also depends on the properties at the interface9 and the 
nature of adjoining material(s). As seen in the Chapter 2, the premature failures are 
dependent on the properties of the interface. However, the relevance of the impact of 
the parameters is not clear. To allow for this, it is important to introduce material 
parameters at the interface. 
A two-dimensional cohesive element is implemented to model adhesive. Tensors 
(stress and strain) are divided into two components, that is, direct through-thickness 
component (normal to surface of element, 𝑏𝑛) and transvers component (parallel to 
surface of element, 𝑏𝑠). Both the stress tensor and the strain tensor contain nominal 
values (ABAQUS). The full behaviour of cohesive element in the form of traction-
separation relationship is described Chapter 3. 
The two components in the normal and transverse directions can be associated with 
the properties of the crack or adhesive. The material properties that can influence the 
formation of the interface crack in the transverse direction include the shear modulus 
and shear strength. While the material properties in normal direction are young’s 
modulus and normal strength. 
In the present study, one parameter has been considered at a time to avoid confusion. 
Shear strength of the interface (𝒕𝒕° ) 
It is assumed that the maximum strength in the transverse direction 𝑏𝑠° is considered as 
the shear strength of adhesive (or interface). In the present case the effect of shear 
strength of adhesive (or interface) is observed. 
The effects of the interface shear strength are more critical where separation of the 
plate is likely to take place. The influence of the shear strength of adhesive would be 
                                            
9 It should be noted that the properties of interface are different from the properties of adhesive. On a wider context, 
the behaviour of interface may depend on the properties of the adjoining material(s) and workmanship. Therefore, 
in the current study the properties of all the materials have been defined separately while the surface(s) of adhesive 
is assumed to interlock perfectly with the adjoining material(s). In test literature, it is noted that the weaker plane 
usually lies with concrete near to adhesive-concrete interface. This may be due to the fact that comparatively 
stronger adhesive has been adopted in wide literature. However, due to the strategy of modelling the beam in the 
current study, this usual norm/observation can be argued by controlling the adhesive properties independent of 
other variables. 
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judged through (but not limited to) development of stresses at the interface, load of 
damage initiation, load of failure, effect on the crack distribution, effect on the failure 
mode(s) and effect on the capacity of the section. 
Normal strength of the interface (𝒕𝒕° ) 
The effect of shear properties of the adhesive (or interface) on behaviour of cracks is 
studied elsewhere in this Chapter; the effect of normal strength of the adhesive (or 
interface) on the behaviour of cracks is investigated in this section. As the shear 
properties of the adhesive (investigated elsewhere) indicate a significant effect on the 
behaviour of cracks and capacity of beam, therefore a need was felt to further 
investigate the effect of normal properties of adhesive (including tensile strength) as 
its effect(s) is not clear from the literature. 
The influence of the tensile strength of adhesive would be judged through (but not 
limited to) development of stresses at the interface, load of damage initiation, load of 
failure, effect on the crack distribution, effect on the failure mode(s) and effect on the 
capacity of the section. The result(s) indicating the considerable effects will be 
discussed. 
5.2.3 Fracture energy of the crack at the interface (𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊) 
As debonding is one of the main modes of premature failure, it is important to study 
its influence on the behaviour of the beam in terms of the brittleness of crack. 
After a crack has initiated, the load required to form a complete crack is dependent on 
the available crack energy. As explained in Chapter 2, by definition the crack energy 
is the amount of potential work restored per unit crack area. Therefore, it corresponds 
to the material property of a cracking surface. 
At the adhesive-concrete interface such crack energy is denoted as  𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 . 
Therefore, the effects of the interface fracture energy are more critical towards the 
debonding mode of failure. However, the effects of the variation of fracture energy at 
interface are not clear from the Chapter 2. The dependency of interface fracture 
energy will be investigated in this study on controlling the propagation of interface 
crack. The significance of crack at interface in normal and transverse direction can 
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also be compared with the determination of corresponding values of fracture energies 
(that is, 𝐺𝑓𝑐𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 and 𝐺𝑓𝑐𝑔_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 as represented in Chapter 4). 
5.2.4 Tensile strength for concrete (𝑮𝒕𝑮) 
The strength of tensile concrete suggests the appearance of flexural cracks. From 
literature, a general assumption was adopted for assuming the tensile strength of 
concrete relative to compressive strength of concrete. It is assumed as 10% of the 
cylindrical compressive strength of concrete. However, this assumption may not 
represent the exact strength of concrete in tension and may slightly vary. In addition, 
it was noted in Chapter 2 that the tensile strength of the concrete also depends on the 
rate of loading. Rate of loading was important from the point of observation that in 
real scenario the nature of problem corresponds to the static loading, while the test 
data available for validation is largely laboratory tests that may have slightly higher 
rate of loading. 
In the present study it is widely known that the premature cracks (mainly flexural 
cracks in this case) are generated at the tension face of the beam and the capacity of 
the beam is largely dependent on the tensile strength of the beam. Therefore the 
tensile strength of concrete may dominate the premature and overall capacity of the 
beam. Based on such reasons, it was felt necessary to study and quantify the influence 
of tensile strength of concrete on the behaviour of beam. 
5.2.5 Fracture energy for covercrete (𝑮𝑮𝑮_𝑮𝒄𝒄𝒊𝒊𝑮𝒊𝒊𝒕𝒊) 
The crack energy is the material property of a cracking surface. In present study the 
crack energy of the flexural crack can be associated with tensile concrete or a new 
material. 
After the initiation of flexural crack, the complete failure is dependent on the 
available crack energy. This will affect the overall stress redistribution within tensile 
concrete and the crack distribution after the initiation of flexural cracks. The available 
crack energy can smear the formation of flexural cracks over an element. In addition, 
with bilinear elasto-plastic behaviour of material in tension, the amount of tension 
stiffening (in a reinforced concrete) can also be controlled in the form of crack energy. 
As a result of the formation of flexural cracks, the softening nature of the bilinear law 
controls (and not avoid) the total slip between the different surfaces after failure 
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strength has reached. However, such observations (including effect on premature 
failures) are not clear from the literature and a need is felt to investigate them in this 
study. 
It is important to investigate the effect(s) of fracture energy of covercrete in light of 
the range of values of fracture energy for reinforced concrete in the available literature. 
It is necessary because as per the current knowledge of author no experimental or 
theoretical study is available in literature that determines the effects of the fracture 
energy of covercrete for plated section to influence the modes of failure. 
5.3 Assumptions and range considered 
5.3.1 Shear Stiffness of the adhesive material (𝑲𝑲𝑲) 
The use of adhesive materials with relatively stiff shear strengths has been widely 
reported in literature (Hussain et al., 1995; Swamy et al., 1999; Teng et al., 2002; 
Macdonald and Calder, 1982; Macdonald, 1981; Heathcote, 2004) as also indicated in 
Chapter 2. While, most of the reported values indicate that the adhesive material had 
relatively higher shear stiffness than that of concrete. However, in this study, to gain a 
better understanding, a wider range will be investigated relatively by choosing a 
typical value for control beam. This value will then be varied within a practical range 
representative that of the available adhesive materials (Charif, 1983; Sikadur, 2012). 
Literature (Reeve, 2005) shows that some variation in pull-off capacity was observed 
with changing moduli for adhesive. To allow for the effects of adhesive properties the 
general assumptions have been discussed in Chapter 4, while the assumptions specific 
to study the effects of the transverse stiffness of interface have been reported here. For 
the purpose of this study, the traction-displacement relationship at the interface 
surfaces of the adhesive layer is assumed to be represented by the bi-linear elasto-
plastic relationship as shown in Figure 5.3. The peak values (of critical stresses) and 
the plastic limit (of fracture energy of crack opening, 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 for mixed-mode) 
are kept same for all cases. While keeping other parameters unchanged, the value of 
initial stiffness of interface 𝐾𝑔𝑔 has been varied by 25%, 50% and 200% relative to the 
control value. The assumed values for shear stiffness of adhesive 𝐺𝑔 (used to evaluate 
the initial stiffness of interface 𝐾𝑔𝑔  accordingly) cover a large practical range 
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indicated in Chapter 2. Meanwhile in a mixed mode problem, the variation of 
interface stiffness in any direction would affect the resultant stiffness, the mixed mode 
displacement and the critical mixed mode displacement at the initiation of crack. 
Accordingly, the fracture energy before the initiation of crack is also dependent on the 
value of shear stiffness of adhesive. The value of overall fracture energy 𝐺𝑓𝑔 will also 
change due to the change in the initiation fracture energy 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒. The relevant 
formulations are shown in Chapter 4. Therefore, in general, the change in the stiffness 
of adhesive in one direction would accordingly influence the overall (resultant 
component) stiffness of the adhesive for a mixed mode problem. It was noted from the 
behaviour of critical section (see Figure 5.2 for control beam) for control beam that 
the rate of stress development is more in transverse direction than in normal. Due to 
such reasons the stiffness of the adhesive was tested in transverse direction only. 
 
 
 
 
 
 
 
 
 
Figure 5.3 Initial stiffness of adhesive 𝐾𝑔𝑔 as a variant 
The values for the initial stiffness of the interface in transverse direction are evaluated 
to be around 250 MPa/mm, 500 MPa/mm and 2000 MPa/mm respectively at 25%, 50% 
and 200% of the control value (around 2000 MPa/mm). To cover a wide range of 
epoxy adhesives given by Charif (1983) and Sikadur (2012), the value of 250 
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MPa/mm indicates a relatively soft adhesive, 500 MPa/mm demonstrates an adhesive 
which is neither very soft nor very stiff, and 2000 MPa/mm a relatively stiff adhesive. 
5.3.2 Shear strength of the interface (𝒕𝒕° ) 
Several values for the average shear strength 𝑏𝑠° have been reported in the literature 
(refer Chapter 2). 
At 50% and 200% of shear strength of 2 MPa at control value yields the shear 
strengths of 1 MPa and 4 MPa respectively. It is incorporated by assuming traction-
separation behaviour as shown in Figure 5.4. The total fracture energy 𝐺𝑓𝑔  of the 
interface has been kept same as control beam (at 0.044 N/mm). 
 
Figure 5.4 Assumed models for interface shear strength 𝑏𝑠° 
5.3.3 Normal strength of the interface (𝒕𝒕° ) 
It is assumed that the maximum strength in the normal direction 𝑏𝑛°  is considered as 
the tensile strength of adhesive (or interface). The nature of the failure at interface is 
mixed mode, therefore the effectiveness of the properties of the adhesive in the 
normal direction are checked relative to the properties in transverse direction. 
Generally, it is noted in this study that the rate of development of stresses in the 
normal direction is less than the rate in transverse direction. Based on this, the values 
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of normal strength 𝑏𝑛°  are taken as fractions (that is, 50% and 25%) that of shear 
strength 𝑏𝑠° . At 50% 𝑏𝑠°  and 25% 𝑏𝑠° , the assumed values of normal strength 𝑏𝑛°  are 1 
MPa and 0.5 MPa respectively. It is noteworthy that the new values of normal 
strength are taken to be lower than the tensile strength of adjacent concrete (at 2.87 
MPa). It is because at control value the normal strength is 144% of shear strength (of 
2 MPa), while the relative increase in the values of shear strength to normal strength 
has been studied elsewhere in this Chapter to fulfil the criterion for failure initiation. 
Therefore, interestingly, the failure at interface would be a controlled-failure within 
adhesive material regardless the failure strength of concrete substrate. 
It is also noteworthy the fact that with the change in failure strengths, the fracture 
energy of the interface to initiate the crack 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 would alter depending on the 
stress of failures in both directions. However, the total fracture energy 𝐺𝑓𝑔  of the 
interface has been kept same as control beam (at 0.044 N/mm). 
5.3.4 Fracture energy of the crack at the interface (𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊) 
Crack energy at the interface 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒  relates the descending or damage part 
within the traction-separation law for cohesive interface beyond crack initiation till 
complete debonding. 
In terms of material and geometrical variables, the expression for 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 can be 
given by: 
𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 (= 𝐺𝑓𝑐) = 0.5(𝑡 𝑖𝑡)𝐺𝑡𝑏𝐹𝐹𝐹   5.1 
𝑖𝑡, 𝐺𝑡 and 𝑏𝐹𝐹𝐹 represent plastic tension strain of concrete, concrete tensile strength 
(= 10% 𝐺𝑐𝑦𝑐𝑐𝑛𝑐𝑒𝑓, taken in current study) and characteristic element length adopted in 
finite element model respectively. 𝑡 is a numeric strain multiplier controlling strain 
softening in tension. 
It is clear that the formation of complete crack is dependent on the plastic deformation 
(elongation) of cracking material. At the composite interface, such crack may appear 
within adhesive or concrete. In most cases, concrete can be highly brittle while 
adhesive can be highly ductile. In practice and laboratory tests, the interface fracture 
energy might also depend on the surface preparation. Therefore, in order to cover a 
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wide range of crack energies (refer Chapter 2), the value of crack energy 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 
is varied at 25% (= 0.0105 MPa), 50% (=0.021 MPa), 150% (=0.063 MPa) and 200% 
(=0.084 MPa) of control value (0.042 MPa). To indicate the relative elongation in 
strain, the value of 𝑡 is evaluated as 7.5, 15, 45 and 60 respectively; the value of 𝑡 for 
control beam is 30. 
The assumptions have been represented in the form of traction-separation diagram in 
Figure 5.5. 
 
 
 
 
 
 
 
Figure 5.5 Overall energy of interface 𝐺𝑓𝑔 as a variable at debonding failure 
It is noted that the crack energy 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒  at interface cannot be studied 
individually in normal and transverse directions. It is because after a crack is initiated 
in a mixed mode problem, its propagation is dependent on the mixed mode behaviour 
(that is, energy release rate 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) of a mixed-mode crack. Such is the material 
property of the cracking surface. 
5.3.5 Tensile strength for concrete (𝑮𝒕𝑮) 
It is evident from literature in Chapter 2 that for wide compressive strengths for 
concrete, the tensile strength varied from 7% to 50% of the respective compressive 
strengths. In addition to effect of rate of applied strain, the given range also includes 
impact tensile strength and this is the reason why the value of tensile strength of 
concrete has been considered to be 25% and 50% of compressive strength. However, 
such higher ratios are not reported for static loading. Based on literature in Chapter 2, 
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the tensile strength has been varied at 7%, 10%, 25% and 50% of cylindrical 
compressive strength of a control beam (of 28.7 MPa) to cover a wide practical range. 
The corresponding values were noted to be 2 MPa, 2.87 MPa (control beam), 7.18 
MPa and 14.35 MPa respectively. 
It is noteworthy from literature in Chapter 2 that after the formation of flexural cracks, 
the available crack energy may also be related to the strength of concrete. However, in 
order to evaluate the effects of single parameter at a time, the other properties have 
been fixed. The behaviour of tensile concrete is assumed to be bilinear elasto-plastic. 
The elastic strains for the beams with tensile strength of 2 MPa, 2.87 MPa (control), 
7.18 MPa and 14.35 MPa are 0.00007, 0.0001 (control), 0.00024, and 0.00048. At 
these strains the flexural crack would appear. The corresponding plastic strains from 
crack initiation to complete failure, after which a crack is assumed to share no transfer 
of stresses between the cracking surface, are 0.0042, 0.0029 (control), 0.00117 and 
0.00058 respectively. Therefore, the plastic to elastic strain ratios are 60𝜖 , 30𝜖 
(control), 5𝜖, and 1.2𝜖 respectively. 
5.3.6 Fracture energy for covercrete (𝑮𝑮𝑮_𝑮𝒄𝒄𝒊𝒊𝑮𝒊𝒊𝒕𝒊) 
Literature (refer Chapter 2) indicates that the choice of fracture energy of concrete in 
tension depends on a variety of factors. Such factors range from aggregate size, 
loading rate, concrete strength, position and amount of steel reinforcement and test 
method. Available recommendations argue any relationship between the elastic strain 
and plastic strain of the concrete in tension. However, control beam was 
adopted/adjusted based on the recommendations of BS8110 that equates plastic strain 
to be 30 times elastic strain, and the value was obtained with the practical range for 
static loading. Based on the properties of control beam, the maximum size of 
aggregate (and so the element size in FE model) is around 20 to 25 mm (also refer 
Section 2.3.3 for relevance). Therefore, the range for 𝐺𝑓𝑐 of 0.03 to 1 N/mm has been 
considered on covercrete for parametric study to cover the practical limits for static 
loading.  
The maximum elastic strain 𝜀 at failure strength of 2.87 MPa is calculated at 0.0001 
where flexural cracks start to appear. The control value (calibrated) for the section 
(S41) tested by Oh et al. (2003a) has been taken as 0.042 N/mm (equivalent to 30𝜀). 
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For the purpose, the considered values of crack energy and the corresponding relation 
(of plastic strain with the elastic strain 𝜀) are evaluated approximately as 0.03 (21𝜀), 
0.1 (71𝜀), 0.3 (214𝜀), and 1 N/mm (714𝜀). 
5.4 Effect of the parameter on the overall performance of the beam 
5.4.1 Shear Stiffness of the adhesive material (𝑲𝑲𝑲) 
The values of shear stiffness of interface (or adhesive) were assumed at 25% (quarter), 
50% (half) and 200% (twice) of control beam at 991.4 MPa/mm. The respective 
values were calculated to be 247.9 MPa/mm, 495.7 MPa/mm and 1982.8 MPa/mm. 
Change in behaviour was noticed at critical sections as discussed here on. For a given 
range, it is noticed that the first mode of complete failure remained at debonding at 
plate-end. However, the load of initiation of crack altered with the choice for stiffness. 
Therefore, it was more important to study the relative effect of parameter at critical 
location so that a conclusion can be drawn for the values of stiffness outside the given 
range (if any). Critical observations have been summed up in Table 5 - 2. 
As the load is applied flexural crakes and interface cracks were developing. As it 
would be expected, at this point flexural strains at the middle of the beam were much 
higher than those at the ends of the plate. At the time of appearance of flexural crack 
at mid-span (at 110 kN with flexural strain 𝜖 of 10-4 at mid-span), the flexural strain at 
plate end was around 2 x 10-5 for all cases. The figures also confirm that the rate of 
development of strains at mid-span for covercrete and plate are same until the 
formation of flexural crack in covercrete. After this point the rate of strain 
development in covercrete increases relative to plate and is largely noticeable as the 
stiffness of the adhesive was reduced. However, it should be noted that even though 
the rate of strain development is same, the actual strain values are different depending 
on the location of fibre from the neutral axis. The flexural crack at plate end appeared 
at the load of 100 kN for all cases. 
The interface crack at plate end appeared at the load of 113 kN, 108 kN and 73 kN 
respectively for adhesive with relative shear stiffness of 75% less than the control 
value, 50% of the control value and 200% of the control value. At this point, in case 
of shear stiffness of 247.9 MPa/mm, 495.7 MPa/mm and 1982.8 MPa/mm the normal 
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and components of the stress tensor shear (𝑏𝑛, 𝑏𝑠) at plate end were noted to be (1.91, 
1.95) MPa, (1.45, 1.98) MPa and (1.13, 1.99) MPa respectively. The corresponding 
values of total fractions needed to fulfil the failure initiation criterion were noted to be 
(normal direction, transverse direction) (0.44, 0.95), (0.25, 0.98) and (0.15, 
0.99).respectively. Therefore with the increase in shear stiffness, the fractions 
(responsible to fulfil the failure criterion) corresponding to normal components 
decreased while those corresponding to transverse components increased. 
At the initiation of crack, the corresponding displacements, for 25%, 50% and 200% 
shear stiffness of the control value, in normal and transverse directions (𝛿𝑛° , 𝛿𝑠°) were 
evaluated to be (8.3, 78.7) x 10-4 mm, (6.3, 39.9) x 10-4 mm and (4.9, 10) x 10-4 mm 
respectively. At this, the corresponding mixed mode displacements ( 𝛿𝑚° ) were 
calculated as 79 x 10-4 mm, 40.4 x 10-4 mm, 11 x 10-4 mm. 
It is noted that as the transverse stiffness of adhesive was reduced, the interface crack 
at plate end appeared after the formation of flexural crack within covercrete at plate 
end. At the time of appearance of interface crack, the flexural strains (E11End, 
E11Mid) were noted to be (2.1, 21) x 10-4, (1.2, 12) x 10-4 and (0.63, 5) x 10-4 
respectively for relatively soft, medium and stiffer adhesives. 
As the load is increased, both shear cracks at the plate end and flexural cracks (at mid 
span and plate end) seem to propagate. Compared to flexural cracks at mid span, the 
flexural cracks at plate end are seen to propagate relatively at a rapid rate after certain 
loading of around 110 kN. Just after this, there is a sharp decrease in shear stress and 
increase in the flexural strain at the plate end, while flexural cracks at the mid-span 
maintained a uniform rate of increase. This may be due to the formation of interface 
cracks that the redistribution of stresses was effected at plate end and as such the 
stresses start to accumulate at the two critical locations (that is, interface and 
covercrete both at plate end). Interface cracks have also appeared within the mid-span 
at a load of 118 kN for soft adhesive; this is likely to be due to the formation of large 
flexural cracks at mid-span. Finally, the beams fail at the load of 128.5 kN, 128 kN 
and 129.8 kN respectively for soft, medium and stiffer adhesives. At this load the 
shear stresses at the plate end are zero, and the flexural strains (E11End, E11Mid) 
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were increased to (0.0021, 0.0027), (0.0022, 0.0017) and (0.0026, 0.001) respectively 
for soft, medium and stiffer adhesives. 
At the time of appearance of interface crack at plate end, the rate of stress 
concentration at this region was still low (Figure 5.6). 
 
Figure 5.6 Effect of 𝐾𝑔𝑔25%,50%,100%,&200% on S12End and S22End 
The release of critical energy 𝐺𝑓𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐  before the initiation of crack depends on 
material properties (largely initial stiffness) and geometry. The rate of stress 
concentrations didn’t increase till the available fracture energy was limited at the load 
of 110 kN and at this stage the rate of flexural stress at plate end also increased due to 
the stress redistribution was effected (that is, reduced between the surfaces) as a result 
of failing interface element. Once the flexural crack happens at plate end and there is 
no medium to redistribute the available stresses between the otherwise adjoining 
surfaces. The rate of crack opening is very rapid particularly due to the nature of 
geometrical discontinuity and convercrete material property. After this, the cohesive 
elements failed one by one, propagating from end of the plate inwards. The section 
finally fails in peeling at 130 kN. 
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5.4.2 Shear strength of the interface (𝒕𝒕° ) 
The behaviours at the critical sections for shear strength of interface of 50% and 200% 
of control value have been plotted in Figure 5.11 and Figure 5.12 respectively. While 
such plots cannot reveal debonding (initiation and complete failure) as the interface 
stress may drop due to the formation of flexural cracks and not necessarily as a result 
of debonding. Therefore any damage caused at interface can be gauged through the 
value if SDEG for cohesive elements. This is reported in ABAQUS as the Damage 
Coefficient (SDEG). Critical observations have been summed up in Table 5 - 3. 
 
Figure 5.7 Results at 50% decrease in 𝑏𝑠° 
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Figure 5.8 Results at twice the value of 𝑏𝑠° for control beam 
As the beams were loaded, no flexural crack at plate end emerged for 1 MPa of shear 
strength, while the flexural crack at plate end appeared at 107 kN for 4 MPa of shear 
strength. The debonding crack at plate end initiated at the load of 46 kN for the shear 
strength of 1 MPa, while no debonding crack was observed to originate for shear 
strength of 4 MPa. At this, the normal and shear stresses at plate end were 
respectively noted to be 0.65 MPa and 0.99 MPa for the case with shear strength at 
interface of 1 MPa. The corresponding displacements, for 50% shear strength of the 
control value, in normal and transverse directions (𝛿𝑛° , 𝛿𝑠°) were evaluated to be (2.83, 
9.99) x 10-4 mm. And the corresponding mixed mode displacements (𝛿𝑚° ) was 
calculated as 0.001 mm. At this stage the flexural strains in the concrete elements are 
well below their failure value for shear strength of 1 MPa. As the load is increased, 
the interface cracks (in case of 1 MPa of shear strength) and the flexural crack (in case 
of 4 MPa of shear strength) are propagated. In case of beam with 1 MPa of shear 
strength, the debonding crack propagated to a larger shear span. In case of beam with 
interface shear strength of 4 MPa, the peeling failure was observed at 137 kN; after 
which a drop in the development of the shear stress was noted mainly as a result of 
rapid development of the flexural crack. The beams ultimately failed at the loads of 
96.5 kN and 137 kN respectively for 1 MPa and 4 MPa of shear strength at interface. 
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To establish the cause of failure in the beam with 1 MPa of shear strength, it was 
necessary to consider other elements along the beam. There was no sharp increase in 
the flexural strains; this indicates that the failure did not happen due to peeling. It was 
found that many cohesive elements at various positions along the length of the plate, 
but within the shear span, have reached the initial failure criterion. This indicates that 
interfacial cracks between the plate and the beam have been forming at several 
locations along the plate and eventually causing failure of the beam. The above mode 
of failure maybe attributed to the low shear strength assumed in this analysis. It 
allowed for separation to be initiated within the plate as well as at the plate ends 
where the interface stress is at its highest value. Inspection of damage at the ends of 
the plate showed that the cohesive elements (at the concrete-adhesive interface) were 
degraded by around 78.8%. 
Therefore, attributed to the high shear strength at interface, the beam failed in peeling; 
while the beam having relatively low shear strength would fail in debonding over a 
larger span. Clearly, the behaviour of beams in both cases, in terms of the formation 
of premature cracks, was different as compared to control beam. 
5.4.3 Normal strength of the interface (𝒕𝒕° ) 
The values of normal strengths were taken at 25% and 50% of shear strength of 
control beam. In case of control beam, the value of normal strength (of 2.87 MPa) 
stands out to be at 144% of shear strength (of 2 MPa). The new values for normal 
strength were 0.5 MPa and 1 MPa corresponding to 25% and 50% of shear strengths 
respectively. At this, the behaviour at the critical sections has been plotted (see Figure 
5.16 and Figure 5.17). Critical observations have been summed up in Table 5 - 4. 
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Figure 5.9 Effect at 25% 𝑏𝑛°  on critical regions 
 
Figure 5.10 Effect at 50% 𝑏𝑛°  on critical regions 
The debonding crack at plate end initiated at the load of 38 kN and 59 kN for normal 
strengths of 0.5 MPa and 1 MPa respectively. At this point, in case of normal strength 
of 0.5 MPa, the normal 𝑏𝑛 and shear 𝑏𝑠 components of the stress tensor at plate end 
were noted to be 0.46 MPa and 0.84 MPa. While for 1 MPa of normal strength, the 
respective values of normal and shear strengths were noted to be 0.78 MPa and 1.36 
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MPa as the failure initiation criterion was fulfilled. With 0.5 MPa of normal strength, 
the values of total fractions needed to fulfil the failure initiation criterion were noted 
to be 0.85 (normal direction) and 0.09 (shear direction). Whereas for 1MPa of normal 
strength, the fractions (responsible to fulfil the failure criterion) corresponding to 
normal and shear components shared around 61% and 23% of the total value (of 1, at 
100%). With further loading, the flexural crack at plate end appeared at 92 kN and 96 
kN respectively. With the rapid development of flexural crack at plate as compared to 
rate of development of interfacial stress at plate end, beam failed in peeling at 123 kN 
and 135 kN for the respective cases. At this stage, the interface at plate end degraded 
by 97% and 99% respectively. 
5.4.4 Fracture energy of the crack at the interface (𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊) 
The behaviours on critical sections at plate ends for crack energy of interface with 
25%, 50% and 200% of control value have been plotted in Figure 5.19 and Figure 
5.20. Figure 5.19 indicates the corresponding behaviour at interface at plate end, 
while Figure 5.20 shows that the formation of peeling cracks was also effected. 
Critical observations have been summed up in Table 5 - 5. 
Same as the control case, the maximum value for shear stress at interface reached at a 
load of around 93 kN. At this point debonding cracks start to appear. Before this point 
the behaviour of all cases remains same, while this point onwards the propagation of 
the crack largely depends on the fracture energy of the crack opening. As the load is 
increased, both interface cracks at plate end and flexural cracks at plate end seem to 
propagate. 
The beams with crack energy of 25% and 50% failed with debonding at plate end as a 
same type of failure as control beam. Whereas, the beams with crack energies of 150% 
and 200% of control beam, the first mode of failure was peeling. The loads of failures 
are respectively 117.6 kN, 123 kN, 132 kN and 133 kN. 
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Figure 5.11 Effect of 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒25%,50%,100%,150% &200% on S12End 
To investigate the possible reason of failures, some typical values at failure loads are 
noted. At failure, flexural strains in covercrete at plate end were 8.78 x 10-4 and 
0.00153 respectively for beams with crack energy of 25% and 50% of control beam. 
The cohesive element at plate end damaged 100%. 
In beams with 150% and 200% of crack energy, peeling failure was followed by 
debonding at plate end at136 kN and 137.6 kN respectively. Although, the actual 
peeling (ripping off of covercrete) has not yet started, the debonding stresses at plate 
end kept increasing. At debonding, the corresponding flexural strains in covercrete at 
the plate end increased to 0.00379 and 0.00571. 
5.4.5 Tensile strength for concrete (𝑮𝒕𝑮) 
The behaviour of 7% of value (see Figure 5.22) was interesting from the point of 
observation that the reduction in the flexural strength of concrete changed the mode of 
failure from debonding at plate end to peeling. Critical observations have been 
summed up in Table 5 - 6. 
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Figure 5.12 Effect of 7% 𝐺𝑡𝑐 at critical regions 
The influence of the flexural strength of the concrete on flexural crack at plate end, 
flexural crack at mid-span and overall stiffness of the beam can be clearly seen in 
Figure 5.23, Figure 5.24 and Figure 5.25 respectively. 
As the value of tensile strength is increased, instability within the FE model is 
observed after the appearance of flexural crack. The possible reason for this is, as the 
crack energy was kept constant, there is a relative decrease in the available plastic 
strain of tension concrete. 
The same control beam has been analysed with the change in the flexural strength of 
concrete at 7%, 25% and 50% of the cylindrical compressive strength. With the 
application of load, no change in the behaviour of beam was noticed until flexural 
cracks start to appear. With the application of load, the behaviour of the beam was 
same as that of the beams with the higher flexural strength of concrete until the 
formation of first flexural crack at mid-span at the load of 14 kN. In a similar fashion, 
the behaviour of beam with 10%𝐺𝑐′  overlapped until 21 kN with beams of higher 
flexural strength of concrete, and a beam with 25%𝐺𝑐′ overlapped up to 50 kN with a 
beam having strength of tensile concrete at 50%𝐺𝑐′. 
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As the load increased, flexural cracks at bending span appeared at the load of 70 kN 
for the beam with 7% 𝐺𝑐′ as compared to control case of 100 kN. After the formation 
of flexural cracks at plate end the variations was observed at the development of 
interfacial shear stresses at plate end which may be due to appearance of flexural 
cracks at an early stage relative to control beam. The debonding cracks appeared at 
the load of 80 kN compared to control case at 93 kN. With further loading the beam 
failed in peeling at 115 kN due to increased rate of crack opening compared to control 
beam. The maximum degradation of cohesive element at plate end was 60%. This 
mode of failure is different from control beam. 
The beams with tensile strengths of 25% and 50% of compressive strengths observed 
flexural cracks at mid-span at the loads of around 50 kN and 99 kN respectively. After 
this, the problems aborted due to convergence issues. Comparatively, the beam with 
higher tensile strength for concrete could take larger load before the appearance of 
flexural cracks. 
With the increase in tensile strength of concrete, the stiffness of section increased (see 
Figure 5.25). It indicates that the increase in the overall stiffness of the beam is 
proportional to the increase in the tensile strength of concrete. In addition, a slight 
variation in tensile strength can alter the mode of failure as discussed later. 
5.4.6 Fracture energy for covercrete (𝑮𝑮𝑮_𝑮𝒄𝒄𝒊𝒊𝑮𝒊𝒊𝒕𝒊) 
The same beam as control beam was studied with the variation in crack energy of 
tensile concrete over covercrete. Critical observations have been summed up in Table 
5 - 7. 
The behaviour of the beams remained identical until the formation of flexural crack at 
the load of 21 kN at mid-span and at the load of 100 kN at plate-end (see Figure 5.26). 
As this crack is formed at a load higher than that required for debonding cracks to 
form, the load level at which debonding cracks formed remained unaffected at 93 kN. 
Beyond the load of formation of flexural cracks the behaviour of flexural cracks 
depended on the available fracture energy. 
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Figure 5.13 Effect of 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 of 1N/mm at critical regions 
For crack energy of 0.03 N/mm, the beam failed with same mode of failure as control 
beam in debonding at plate end, however the load of failure was reduced to 124 kN 
from 128 kN. While all other cases failed due to relatively increased concentration of 
flexural strains at plate end compared to other locations over the span of the beam. 
Therefore, such formations are considered to lead to failure through peeling. The 
failure at ultimate capacity were noted to be 125 kN, 134 kN, 139.6 kN, 138 kN, 138 
kN respectively for crack energies of 0.03 N/mm, 0.042 N/mm (control beam), 0.1 
N/mm, 0.3 N/mm and 1 N/mm. 
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5.5 Discussion: Effect of parameters on failure mode(s) and beam 
capacity 
5.5.1 Shear Stiffness of the adhesive material (𝑲𝑲𝑲) 
The choice of the relative value of transverse stiffness within the given range was 
mainly reflected on the load of crack initiation (debonding at plate end, flexural crack 
at bending span). 
After the initiation of interface crack at 108 kN the remaining fracture energy (as a 
property of cracking surface, 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) was kept same for all cases. This means 
that as the crack initiates, the total failure (damage) would occur at a common value 
of relative displacement (𝛿𝑓 − 𝛿𝑜) irrespective of the initial value of shear or normal 
stiffness. It is because the load required to release available fracture energy (before 
and/or after crack initiation) depends on the rate of stress concentration at particular 
location of the beam. 
It was seen in this Chapter that the chosen values of strengths do not alter the rate of 
stress developments. However, this rate can be altered by controlling the relative 
value of initial stiffness in each direction. The relative decrease in the value for shear 
stiffness resulted in the increased dependency of crack (in terms of complete crack) on 
the assumed value of shear stiffness. When the relative value for shear modulus was 
reduced from 200% to 100%, 50% and 25% of young’s modulus, the relative 
influence of shear strength to fulfil the failure criterion was respectively decreased by 
0% (that is, from 99% to 99% indicating no change), 1% (that is, from 99% to 98%) 
and 4% (that is, from 99% to 95%). 
The reduction in shear stiffness resulted in the reduction of the load required to 
initiate the debonding crack. It also resulted in the reduction of the critical fracture 
energies in normal and transverse directions (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐,𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) required to 
initiate a debonding crack. The values were evaluated to be (0.0075, 0.0077) N/mm, 
(0.0029, 0.0040) N/mm and (0.0006, 0.0011) N/mm for cases with shear stiffness 
equivalent to 25%, 50% to 200% of control value. The total fracture energy of at the 
interface was kept constant.  
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The behaviour of interface at plate end is compared in Figure 5.6. This indicates three 
main points of observation for comparison: initial rate of stress development, 
appearance of cracks at interface and rate of stress softening thereafter. There is a 
clear increase in the rate of development of shear stress with increased shear stiffness. 
This led to fulfilling the crack initiation criterion at interface at early stage for 
increased shear stiffness. This suggests that if the shear stiffness is reduced further, 
there would be further delay in the appearance of the first interface crack to the limit 
that the beam would fail in peeling before a crack initiation criterion is reached. 
At the time of appearance of interface cracks the flexural strains at mid span are larger 
than at plate-end. In addition, the relative value of strains (both at mid-span and plate-
end) increased with the decrease in transverse stiffness of the adhesive. While at the 
time of debonding at plate end, the relative flexural strains decreased at plate-end and 
increased at mid-span with the reduction in the transverse stiffness of the adhesive. In 
addition, unlike other cases at this stage, the flexural strain at mid-span was larger 
than at plate-end for soft adhesive. 
With the use of soft adhesive, a slight reduction in the rate of development was 
noticed for flexural cracks forming at plate-end. 
A choice of very stiff adhesive may delay the appearance of flexural cracks at mid-
span due to more effective redistribution of stresses. 
Figure 5.7 compares the rates of development of shear stresses at interface at mid-
span. These are formed as a result of the formation of flexural cracks at around 30 kN 
(see Figure 5.8). Figure 5.9 represents the distribution of the flexural strains (spacing 
and width of cracks) over the plated span when complete debonding (as the first mode 
of failure) at plate end is noticed at around 128 kN for all cases. It is noteworthy the 
fact that for a given range of adhesive in practice the overall ductility of the plated-
beam is not effected. Therefore, Figure 5.9 indicates the distribution of same amount 
of overall strain (cumulatively) in tension for different choice of adhesives. 
With the use of softer adhesives the propagation of flexural cracks at mid-span is 
higher, and the spacing between such cracks is larger at irregular intervals (see Figure 
5.8). Macdonald and Calder (1982) noted similar observations through laboratory 
Chapter 5: Parametric studies on the effect of material properties 
144 
 
 
tests that the use of softer adhesive resulted into large flexural cracks with large crack 
spacing more like an un-plated beam. After finite element investigation of the 
problem, the reason for such behaviour is established in this study. It is established 
that such behaviour is due to the fact that the use of soft adhesive resulted into less 
effective stress redistribution between the surfaces. This resulted into the formation of 
wider crack openings at mid-span and increase in localised stresses at interface. Due 
to this reason, appearance of interface cracks was noticed at mid-span with soft 
adhesive (Figure 5.7). Whereas, such irregularities cease as the stiffness approaches 
around 1 GPa/mm and the strain distributions and rate of development overlap. Stiffer 
adhesive resulted in improved redistribution of flexural cracks at mid-span with 
smaller crack spacing and reduction in crack width. Identical observations were also 
made by Macdonald and Calder (1982) through the laboratory investigations that the 
stiffer adhesive generated flexural cracks at lower spacing and the height of cracks 
was smaller. It was observed in present study that with the stiff adhesive the flexural 
cracks were evenly distributed and large in number, while with soft adhesive large 
flexural cracks were seen with large crack spacing more like an un-plated beam. The 
reason for this is that for stiffer adhesives there would be less slip between the 
surfaces at a given load, which in turn indicate better grip of the external plate and 
improved stress transfer between the surfaces. In support of this argument it was 
observed that the appearance of first flexural crack at mid span occurred at a relatively 
higher load for stiffer adhesive, indicating relatively improved stress redistribution. 
With the increase in stiffer of adhesives the cracks along the interface accumulated 
over a larger span. It was due to the increase in the rate of stress development at 
interface to fulfil the criterion for failure initiation at an early stage. The load at which 
interface cracks are formed (that is, after the crack initiation criterion for stress is 
fulfilled) is almost in linear proportional to the change in shear stiffness of the 
adhesive (see Figure 5.10). Varying transverse stiffness by 25% and 50% of control 
value resulted increase in load required to initiate crack at interface by 21.5%, 16% 
respectively. While the increase in the transverse stiffness by 200% of the control 
value decreased the load for the initiation of debonding crack by 21.5%. 
It can be concluded from the study that if the purpose of the problem is to generate an 
early warning for monitoring purposes for the formation of debonding crack, than the 
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use of stiffer adhesive may be recommended; while the capacity of section after the 
formation of crack largely depends on the available fracture energy of cracking 
material. 
5.5.2 Shear strength of the interface (𝒕𝒕° ) 
The choice of the relative value of shear strength was reflected on the mode of failure 
(debonding at plate end, peeling), load of crack initiation (debonding at plate end, 
flexural crack at plate end) and propagation of debonding crack. 
Figure 5.14 indicates that the rate of stress development along the transverse direction 
is more than that in normal direction. This indicates that the formation of debonding 
crack at interface is relatively more dependent on the strength of interface in 
transverse direction. The effect on the load capacity is dependent on the assumed 
value of shear strength at interface (see Figure 5.13). In this study, increasing the 
value of shear strength from 1.0 MPa to 2.0 MPa increased the capacity of the beam 
by around 28%. However, increasing the value of strength from 2.0 MPa to 4.0 MPa 
increased the load capacity by only 2%. Also, the variation in the capacity of beam at 
first mode of failure with transverse strength of interface is similar; as it is found that 
increasing the value of shear strength from 1.0 MPa to 2.0 MPa increased the 
debonding (at plate-end) capacity of the beam by around 25%, and increasing the 
value of strength from 2.0 MPa to 4.0 MPa increased the peeling capacity by only 7%. 
The mode of failure changed from debonding to peeling for higher values, together 
with Figure 5.13 this also indicates that as the load increases the behaviour of beam 
becomes less dependent on the value of interface strength; it is mainly because the 
stresses redistribute to larger portion of the beam with increased loading and material 
properties of other components start to contribute relatively. Therefore, it is important 
to note that the interfacial strength in transverse direction should be around 2 MPa for 
the given beam to maintain a preferred mode of failure (such as debonding over 
peeling) with maximum gain in premature capacity of beam (with this mode of 
failure). This will change for a beam with different type of concrete having different 
material properties especially in tension and at interface; for example, with weaker 
concrete the peeling failure may still occur at this shear strength of interface (2 MPa), 
whereas for high strength concrete the shear strength may still be increased while 
maintaining debonding mode of failure over peeling. 
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The influence of shear strength on the mode of failure is also important. The lower 
values of shear strength resulted in the reduction of the load required to initiate the 
debonding crack. It also resulted in the reduction of the critical fracture energies in 
normal and transverse directions (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐,𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐 ) required to initiate a 
debonding crack. As a result, the debonding cracks propagated faster (over the span) 
at an early stage and hence the formation of flexural cracks at plate end was 
completely avoided. The values for critical fracture energies in normal and transverse 
directions (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐,𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) were evaluated to be (3.25, 4.95) x 10-4 N/mm 
for case with shear strength equivalent to 50% of value for control beam. While the 
overall fracture energy at the interface was kept constant, the gap between the energy 
required to initiate a crack and the energy at complete debonding failure increased. As 
a result, the brittleness 10  due to debonding crack along the interface crack was 
reduced, and the span of propagation of such a crack was relatively increased over the 
span. 
While in the case with shear strength equivalent to 200% of shear strength for control 
beam, the load required to initiate a crack at interface was increased beyond the load 
for peeling failure. The choice of increased shear strength of 4 MPa increased the 
strengthening of plate at the interface in transverse direction. After the formation of 
flexural crack at plate end, the shear stress at interface dropped before failure strength 
could be reached. This resulted to completely avoid the initiation of debonding cracks. 
As a result, this beam failed in peeling. Increased shear strength at interface increased 
the capacity of section in peeling (see Figure 5.15) as a result of improved stress 
redistribution (including plate end). 
Although the improvement in load capacity is still below the design values, it 
indicates that better load capacity is to be expected by ensuring a high value for shear 
strength. 
The rate of development of the normal stress is less than that of shear stress; it also 
indicates a need to further investigate the effects of normal strength on modes of 
failure and failure loads (see relevant Section elsewhere in this Chapter). 
                                            
10 Brittleness is the term used here to identify the growth of crack from the point of its appearance to complete failure. 
If the relative load required causing a crack to completely fail from the point of its appearance increases, the 
brittleness is said to be increased. 
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It can be said that plate debonding failure is more desirable than peeling failure, since 
the latter will cause severe damage to a larger portion of concrete cover and cannot be 
controlled through controllable parameters (refer Section 2.3.1) of the beam. However, 
this may result into a reduction in the capacity of the beam if the beam was initially 
failing in peeling. To indicate this, the measure of change of brittleness of the beam 
has been compared elsewhere (Chapter- 7). 
5.5.3 Normal strength of the interface (𝒕𝒕° ) 
The choice of the relative value of normal strength was reflected on the mode of 
failure (debonding at plate end, peeling), load of crack initiation (debonding at plate 
end, flexural crack at plate end) and propagation of debonding crack. 
The failure initiation criterion at the interface (at plate-end) was affected with the 
change in the assumed values for normal stress at interface. It was observed that the 
relatively lower values for normal stress were responsible to initiate debonding cracks 
earlier (also see Figure 5.18). This resulted in the reduction of the values of shear 
stresses at the time of crack initiation. At this point, the peak values (tn, ts) were noted 
to be (1.06, 1.99) MPa, (0.78, 1.37) MPa and (0.46, 0.84) MPa respectively for 
normal strengths of 144% (control beam), 50% and 25% of shear strength at control 
value (of 2 MPa). The value of shear stress is still higher as a result of higher rate of 
stress concentration in transverse direction at plate end as can be seen in Figure 5.16. 
But the values of total fractions needed to fulfil the failure initiation criterion were 
changed. The corresponding ratios ��< 𝑏𝑛 > 𝑏𝑛°� �2 , �𝑏𝑠 𝑏𝑠°� �2� were evaluated to be 
(0.13, 0.99), (0.61, 0.46) and (0.84, 0.17) respectively. The relative decrease in the 
value for normal strength resulted in the increased dependency of crack (in terms of 
crack initiation) on the assumed value of normal strength. When the relative value for 
normal stress was reduced from 50% to 25% of shear stress (that is, 25% of overall 
relative reduction), the relative influence of normal strength to fulfil the failure 
criterion was increased by 25% (that is, from 61% to 84%). 
The reduction in normal strength resulted in the reduction of the load required to 
initiate the debonding crack. It also resulted in the reduction of the critical fracture 
energies in normal and transverse directions (𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐,𝐺𝑓𝑔𝑔_𝑐𝑓𝑐𝑡𝑐𝑐𝑚𝑐) required to 
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initiate a debonding crack. The values were evaluated to be (5.46, 9.52) x 10-4 N/mm 
and (2.001, 3.654) x 10-4 N/mm for cases with normal strength equivalent to 50% to 
25% of control value. 
While the overall fracture energy at the interface was kept constant, the gap between 
the energy required to initiate a crack and the energy at complete debonding failure 
increased. As a result, the brittleness in the interface crack was reduced, and the 
propagation of debonding crack was relatively increased over the span. Therefore, 
unlike control beam failed in debonding at plate-end, the mode of complete failure 
was noted to be peeling. 
The results of the study suggest that debonding is the main mode of failure that is 
affected with the decrease in the value of failure strength at interface. In contrary to 
the available literature to have observed failure of concrete along the interface, the 
study indicates that the debonding crack will be observed within a weaker material 
that can be either concrete or adhesive. After the initiation of such a crack, the 
complete failure and thus ultimate capacity of beam depends on the available ductility 
(fracture energy) of failing the material. Therefore, it was then necessary to compare 
the effect of the value assumed for the interface fracture energy of the cracking 
surface on this mode of failure. 
5.5.4 Fracture energy of crack at the interface (𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊) 
The choice of the relative value of crack energy at interface was reflected on the mode 
of failure (debonding at plate end, peeling), load of failure (debonding at plate end, 
flexural crack at plate end), ultimate capacity, and propagation of debonding crack. 
The release of available fracture energy (𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒) depends on the rate of stress 
concentration (controlling rate of crack opening) and stress redistribution at a 
particular location which in turn depend on the problem type (geometry and boundary 
conditions) and material properties. The rate of stress concentration at such a location 
can be varied or affected with the redistribution of stresses by changing material 
properties. Therefore, for a current problem type, formation of cracks at a lower load 
and at the stage of yet lower level of rate of stress development would indicate 
criticality of regions that may be susceptible to the premature failure. It is because the 
fact that the stability of crack initiated onwards largely depends on the available 
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fracture energy (𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒), and not just on the rate of stress concentration at the 
location of crack in the beam. This process is termed as a measure of brittleness of 
crack(s) as covered elsewhere (see Chapter 7). 
In all cases, the interface crack and flexural crack at plate end emerged at 93 kN and 
110 kN respectively, after which the differences in the development of such cracks at 
plate end were noticed indicating the relation with assumed value of fracture energy 
of the crack opening at interface. The rates of propagation of crack were increased for 
relatively lower crack energy, while the rates were relatively decreased with the 
increase in crack energy. The failure load was increased with the relative increase in 
crack energy. The relative decrease in crack energy increased the brittleness 
(difference between load of appearance of crack to complete failure) of both types of 
cracks (debonding and peeling) at plate end. This is important for monitoring 
purposes of beam between appearance of such cracks and complete failure. 
The load capacities of beams with 25% and 50% of crack energies are noted to 
decrease (relative to control beam) respectively by 10.4 kN and 5.4 kN. While the 
load capacities of beams with 150% and 200% of crack energies are noted to increase 
(relative to control beam) respectively by 2 kN and 3 kN. Therefore, the increase in 
the crack energy improved the premature failure capacity of the beam. However, it 
will not be wrong to highlight that due to the plastic (softening) nature failing material, 
the improvement in the capacity of beam would be limited. Yet such an improvement 
might be good enough for some beams to lead to a desirable ductile failure. 
For all cases, debonding crack (and not necessarily complete failure) was also 
observed underneath loading points with damage of 50%. 
As the choice of crack energy was found to affect modes of premature failures 
occurring at plate end (that is, peeling and debonding), Figure 5.21 was plotted to 
establish the change in ultimate capacity rather than the load of failure at first mode of 
failure. It also indicates the variation of mid-span deflection at ultimate capacity. The 
observations give a clear indication of improvement in ultimate load capacity. The 
dependencies of percentage change in ultimate load capacity and mid-span deflection 
are almost linear (except the slight variation in value of deflection at 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑚𝑓𝑐𝑒150%) 
to percentage change in 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑚𝑓𝑐𝑒 with average slopes (or rates) of 0.03% and 0.04% 
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change respectively per unit percentage change in  𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑚𝑓𝑐𝑒 . The ultimate 
capacities of beams with 25%, 50%, 150% and 200% are noted respectively at 117.6 
kN, 128 kN, 136 kN and 137.6 kN. Therefore, in the present study it can be 
established that the increase in the crack energy at interface would increase the 
ultimate capacity of the beam that may be required to achieve a desired mode of 
failure through yielding. Yet the limitations based on the available range of crack 
energy in literature have been identified. In case, the crack is initiated within concrete, 
the available crack energy can be affected by surface preparation in practice and/or 
concrete properties. Whereas, if the cracks forms within the adhesive layer than the 
propagation of crack is dependent on the choice of adhesive material properties. 
Relatively ductile adhesives would qualify to release larger fracture energy after a 
cracking strength has reached. 
5.5.5 Tensile strength for concrete (𝑮𝒕𝑮) 
The choice of available tensile strength was reflected on the mode of failure 
(debonding at plate end, peeling), load of initiation of crack (flexural crack at plate 
end and mid-span) and ultimate capacity. 
With the variation of available tensile strength of concrete, load of appearance of 
flexural crack was largely affected. For beams with tensile strength of 7%, 10% 
(control beam), 25% and 50% compressive strength, the flexural crack at mid-span 
appeared at the loads of 14 kN, 21 kN (control beam), 50 kN and 99 kN respectively. 
For high strain rates, Schuler et al. (2006) noticed an increase in 𝐺𝑡𝑐 up to around 0.55% 
of compressive strength. Whereas, 𝐺𝑡𝑐  was found to be around 7% 𝐺𝑐′  in NCL 
technical report (NCEL Technical Report, 1988). For design purposes, BS8110 
consider value of 𝐺𝑡𝑐 to be 10% 𝐺𝑐𝑐 and ACI as 0.33�𝐺𝑐′. Therefore, the beams with 
tensile strengths of 25% and 50% do not indicate a range within possible static 
analysis. Moreover, based on the theoretical assumptions, increasing the tensile 
strength will result into proportional decrease the available plastic strain (but not the 
fracture energy) for crack. It is because, after the formation of flexural crack, the 
complete failure is dependent on the available plastic strain/fracture energy and its 
rate of propagation will be directly affected by the slope of plasticity (while crack 
energy can stay constant). In this regard, addressing the stability issues of the FE 
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simulations, the software package (ABAQUS) noted that a reasonable starting point 
for relatively heavily reinforced concrete modeled with a fairly detailed mesh is to 
assume that the strain softening after failure reduces the stress linearly to zero at a 
total strain of about 10 times the strain at failure. Based on the literature review 
(Section 2.3.2 for 𝐺𝑓𝑐), in case of reinforced concrete beams, BS8110 assumes the 
softening strain to be 30𝜀 (that is, 30 times elastic strain). Therefore, comparatively 
the beams with tensile strength of 25% and 50% are brittle in nature with respectively 
only 5 and 1.2 times of strain at plastic failure, hence leading to stability issues just 
after the flexural crack(s) is initiated. Meanwhile, it is noteworthy that while the value 
for fracture energy of concrete 𝐺𝑓𝑐  remained constant with the changes in tensile 
strength 𝐺𝑡𝑐, the results indicate that the change in the brittleness of the material is 
better determined in terms of relation between elastic and plastic strain and not 
through available 𝐺𝑓𝑐. In this regard, Welch and Haisman (1969) and Hillerborg et al. 
(1976) outlined that for ordinary concrete 
𝐺𝑓𝑐
𝐺𝑡𝑐
�  seems to be of the order of 0.005 – 
0.01 mm (and hence 𝜖𝑜  of the order 0.01 – 0.02 mm, according to equation C.8). 
From equation C.8, it should be noted that lower the value of 𝜖𝑜, higher will be the 
brittleness of crack. In present study, with 25% and 50% cases for   𝐺𝑡𝑐 , the 
corresponding values for 
𝐺𝑓𝑐
𝐺𝑡𝑐
�  are 0.0058 and 0.0029 mm. Hence, increasing  𝐺𝑡𝑐 is 
increasing the brittleness of flexural crack. 
On a positive note, increase in the tensile strength of concrete can avoid the failure by 
peeling by avoiding the formation of flexural crack at plate end. That is, now higher 
stresses (and thus the applied load) will be needed to initiate a flexural crack. 
Compared to control beam, the reduction in the available tensile strength caused the 
change in the mode of failure from debonding at plate end to peeling. For example, in 
case with reduced tensile strength the load difference was found to be 13 kN relative 
to control beam. Control beam failed in debonding at plate end at a load of 128 kN, 
while a beam with only 3% reduction in the available tensile strength failed in peeling 
at a load of 115 kN. 
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5.5.6 Fracture energy for covercrete (𝑮𝑮𝑮_𝑮𝒄𝒄𝒊𝒊𝑮𝒊𝒊𝒕𝒊) 
The choice of available crack energy for flexural crack was reflected on the mode of 
failure (debonding at plate end, peeling) and ultimate capacity. 
The influence of the available crack energy was noticed after the formation of flexural 
crack(s). The formation of flexural crack(s) affects the interface stresses at the 
location of its formation, at plate end and/or mid span 
The assumed value of the fracture energy of the cover seems to have two main effects. 
The first is to increase the ultimate load capacity of the beam to certain extent, and the 
second is to influence the modes of failure (particularly debonding at plate end and 
peeling). 
For the beams tested in this study, the maximum ultimate load capacity reached was 
around 139 kN for higher values of crack energy. This indicates a limit within a 
practical range beyond which any further increase in the value of crack energy cannot 
improve the capacity of beam. Such a maximum limit of crack energy is noted to be 
around 0.1 N/mm, beyond which no improvement in the ultimate capacity of the beam 
was observed with further increase in the crack energy. 
The increase in the crack energy resulted in the reduced brittleness of failure modes. 
The higher values of fracture energy reduced the rate of formation of flexural cracks 
at plate end (see Figure 5.28). The similar influences were also noticed on the rate of 
formation of debonding cracks at plate end that decreased for higher value of crack 
energy (see Figure 5.27). After the initiation of flexural crack, the increased value of 
fracture energy seems to avoid the formation of complete flexural crack (and 
debonding failure) at plate end and mid-span due to improved stress redistribution. 
It is identified that the formation of flexural crack is relatively discrete for lower crack 
energy and smeared as the available energy tends to increase (see Figure 5.29). The 
flexural cracks tend to be localised as the crack energy is reduced, whereas with the 
increase in crack energy the cracks tend to improve the redistribution of stresses. 
However, noteworthy is the fact that the improvement in redistribution of stresses 
cannot completely avoid the stress concentration in areas of geometrical discontinuity; 
for example, the flexural cracks at plate end resulting into peeling failure. 
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Due to the softening nature of the bilinear elasto-plastic law in tension, the overall slip 
cannot be avoided yet can be improved to certain extent. The effects were seen on the 
improved ultimate capacity of the beam with the increase in crack energy, yet such an 
improvement was limited. 
Therefore, in this chapter, the influence of material parameters is studied on formation 
of different modes of failure and capacity. The effect of each parameter is individually 
investigated within a practical range and discussed in detail. However, in order to 
complete the parametric studies, geometrical parameters are incorporated next. 
It is seen in the present study that material properties of interface (or material at 
interface) controls the formation of interfacial cracks. In addition, the propagation of 
flexural crack within plate length (crack FC and PFC) into interfacial crack is largely 
dependent on the initial stiffness of interface. 
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C h a p t e r  6 :  P a r a m e t r i c  s t u d i e s  o n  
t h e  e f f e c t  o f  g e o m e t r i c  p r o p e r t i e s  
6.1 Introduction 
Insufficient literature was found addressing the effect of the geometry of the plated 
section. In addition, as seen in Chapter 2 (in Failure modes and beam parameters), 
researchers have attempted to generalise the observations based on only few 
parameters at a time or for a given beam, however large parameters have been 
covered in wide literature. Although, the results in literature are important; however, 
such approaches were based in the light of few parameters; therefore a need was felt 
to include large number of parameters and to draw conclusions based on wider 
context. This fact has been identified and reviewed in Chapter 2 for same studies on 
beams with different geometries giving conflicting results. Clearly, this needed further 
evaluation and verification. 
A wide range of geometrical parameters has been investigated for their influence on 
general behaviour of the beam and at critical regions of failures. The parameters 
include: 
 Adhesive thickness (𝑏𝑔) 
 Shear span to depth ratio (𝑖/𝑑) 
 Plate width to thickness ration (𝑏𝑝 𝑏𝑝⁄ ) 
 Plate thickness (𝑏𝑝) 
 Plate length in shear-span to sectional-depth ratio (𝑙𝑝𝑠/𝐷) 
Based on the available literature, the parameters are studied within a practical range. 
In the end, their overall influences, significance and behaviour have been discussed. 
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6.2 Motivation behind each parameter 
6.2.1 Thickness of adhesive layer (𝒕𝑲) 
As categorised in Chapter 2 (Failure modes and beam parameters), adhesive thickness 
comes under primary category of parameters whose property can be controlled prior 
to retrofitting.  
It was indicated in literature (MacDonald & Calder, 1982) that with the increase in 
adhesive thickness there was an increase in the load capacity of a beam as the plate 
kept attached to the beam for an extra load. However, no further investigation was 
reported that could identify the clear reason(s) of change in the behaviour of beam, 
such as its effect on the modes of failure. It is carefully noted that in laboratory tests 
the behaviour of adhesive may appear to vary due to alterations in thickness. Sika 
(Sikadur, 2012) on experimental observations, indicates that the behaviour of 
adhesive could change with change in thickness of adhesive (such as elongation 
percentage), however no such association was listed by MacDonald & Calder (1982) 
and Oh et al. (2003a). In addition, no further investigation was presented, or was 
possible due to the limitations of laboratory tests, that could quantify the effect of 
adhesive thickness on the capacity of a section. Therefore, a need was felt to 
separately investigate the effects of the material and geometrical properties of 
adhesive. 
6.2.2 Shear Span to Depth ratio (𝒊/𝒅) 
In case of four-point bending problem, the 𝑖/𝑑 ratio may not be fixed and therefore it 
forms an important parameter whose effect should be determined. For a given section, 
this ratio can easily be controlled by changing the point of application of load(s). As 
was identified in Chapter 2 (Failure modes and beam parameters), attempts have been 
made to study its effect on the sectional behaviour. Its influence was seen on mode(s) 
of failure and failure load Oh et al. (2003b), which have also developed theoretical 
models, which however, were found to be incompatible with real laboratory tests. As 
a result, the effect of such a parameter was not clearly understood. In agreement with 
the observations of Oh et al. (2003b) and earlier in this study (see Chapter 4: 
Validation methods and numerical simulations) that 𝑖/𝑑 ratio has a direct influence 
on the stiffness of a section due to changing flexural span in pure bending. However, 
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the influence it would have on critical sections of failure was not clear yet and is 
investigated next. 
6.2.3 Plate width to thickness ratio (𝒃𝒃 𝒕𝒃⁄ ) 
Confirming the influence of plate thickness (while keeping the plate width constant) 
from validation studies in Chapter 4 (Validation methods and numerical simulations), 
it is further specified in Chapter 2 (Failure modes and beam parameters) that a value 
of 𝑏𝑝 𝑏𝑝⁄  < 40 leads to premature failure(s) at plate end while values greater than 60 
would conclude to specimens failing in flexure (Macdonald and Calder, 1982; Jones 
et al., 1988 and BA, 1994). However, the specimen of Oh et al. (Oh et al., 2003a) 
showed plate yielding as first mode of failure for 𝑏𝑝 𝑏𝑝⁄  = 50 (< 60). In addition, it is 
intriguingly noted that the 𝑏𝑝 𝑏𝑝⁄  ratio of 60 is in contradiction with the beam 
specimen(s) of Hussain (Hussain et al., 1995) prematurely failing at 𝑏𝑝 𝑏𝑝⁄  of 67. The 
cause of such discrepancies in results is not clear. Therefore, an attempt is made in 
this study to determine the extent of influence of 𝑏𝑝 𝑏𝑝⁄  ratio on the behaviour of 
beam. 
6.2.4 Plate Thickness (𝒕𝒃) 
The change in 𝑏𝑝 𝑏𝑝⁄  ratio can be achieved by changing cross-sectional area of plate; 
however the design capacity of the section is affected. This investigation would allow 
verifying the limits for 𝑏𝑝 𝑏𝑝⁄  ratio available in test literature over a wider context that 
did not restrict the cross-sectional area of plate. 
The effect of changing plate width is seen elsewhere when the 𝑏𝑝 𝑏𝑝⁄  ratio was fixed. 
In this study the plate thickness 𝑏𝑝 is varied while the width 𝑏𝑝 remains unchanged. 
With the increase in plate thickness, the cross-sectional area of plate is increased. This 
indicates an added strength provided to the section, which means an added stiffness 
and added theoretical capacity for the section. 
The effect of increased plate thickness would be noted on various modes of premature 
failure and the percentage final capacity (both first mode of failure and ultimate 
capacity). Through such an approach it will be possible to identify an achievable 
capacity of beam with or without premature failure(s). 
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6.2.5 Plate length in shear-span to sectional-depth ratio (𝒍𝒃𝒕/𝑫) 
Depending on the moment distribution, the distribution of flexural strains would vary 
along the length of the beam. Theoretically, for a four-point bending problem, the 
variation in plate length outside pure flexural span would not affect the capacity of the 
beam in flexure unless rebars remain under their yielding limit outside plate-end(s). 
However, the normal distribution of tensile strains is affected by the geometrical 
discontinuities imposed due to addition of external plate at plate end(s), while the 
plate provides extra strengthening to the surface along its length. Along with the 
mode(s) of failure, the overall load-deflection behaviour of the beam may also be 
affected by the choice of plate length. Such issues are not clear from literature and 
needed further investigation. Therefore, this study would investigate the effect of 
varying plate length outside pure flexural span on the mode(s) of failure and capacity 
of the beam, while the theoretical capacity of the beam in flexure is maintained 
constant. 
6.3 Assumptions and range considered 
6.3.1 Thickness of adhesive layer (𝒕𝑲) 
This section identifies the role of geometrical thickness of adhesive on the critical 
sections of plated beam, while fixing the material properties for the changing 
thickness of the adhesive. This could be achieved in ABAQUS by fixing the value for 
constitutive thickness of cohesive zone (taken as unity) while the geometrical 
thickness is varied. 
As identified in Chapter 2, largely four thicknesses for adhesive have been used by 
researchers, which are 1mm, 3mm, 5mm and 7mm. The beams will correspond to the 
respective sections of S41, S43, S45 and S47 from the publication by Oh et al. 
(2003b), which have been numerically-simulated and validated for general and critical 
observations in Chapter 4. A detailed investigation on critical sections has been 
carried out in this section. 
6.3.2 Shear Span to Depth ratio (𝒊/𝒅) 
For a four point loading problem the position of point loads may vary over the span of 
the beam. This may affect the behaviour of beam in terms of modes of failure and 
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their behaviour until a capacity is reached in shear with reducing 𝑖/𝑑 ratio. Therefore, 
in order for the analysis to be applicable over the large number of cases, the study is 
reported in term of shear span-to-depth ratio (𝑖/𝑑) rather than only shear span 𝐚. 
It is noteworthy that for a symmetrical loading, 𝑖/𝑑  ratio should not be reduced 
beyond certain limit due to reduction in shear span the section is now mainly loading 
in shear capacity. In practice, this may result section failing in shear block before a 
premature failure can happen in tension. Similarly, for a symmetric loading, 𝑖/𝑑 ratio 
cannot be increased beyond a certain maximum limit at which a four-point bending 
problem equates to a three-point problem. Further, it may be required not to reduce 
shear span 𝑖 below a certain limit to take into account the minimum strength of bond 
length. However, a specific study to determine the bond length (in mixed mode) of 
plated beam subjected to four-point loading was not found. The evaluation of bond-
length is out of the scope of current study. Therefore the minimum value for 𝑖/𝑑 ratio 
would only depend on the depth of given section 𝑑 and not bond length, so that the 
load position can be kept close to support to predict the behaviour of plated beam and 
cracks. Minimum and maximum limits for 𝑖/𝑑 ratio would depend on the sectional 
depth and length that can vary from one section to other. 
For the same section as that of the control beam (constant depth, 𝑑), 𝑖/𝑑 ratio is 
varied by changing the position of load (shear span, 𝑖). The maximum and minimum 
values of 𝑖/𝑑  ratio for the given section are 4.77 and 1.36. The 𝑖/𝑑  ratio varied 
within this limit. The 𝑖/𝑑 ratio was varied as 4.77, 4.09, 3.18, 2.27 and 1.36. For the 
effective depth of the beam of 220 mm, the corresponding shear spans are 1050 mm, 
900 mm, 700 mm, 500 mm and 300 mm respectively. That is, the position of load is 
moved by 200 mm each time until it could reach a maximum reasonable limit on 
either side. It should be noted that in all cases the plate end lied outside the flexural 
span. 
6.3.3 Plate width to thickness ratio (𝒃𝒃 𝒕𝒃⁄ ) 
The 𝑏𝑝 𝑏𝑝⁄  ratio can be varied by changing the cross sectional area of plate or by 
keeping the area constant. The former method would alter the capacity of section, 
therefore the cross sectional dimensions of plate are arranged not to alter the area. 
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To test the limits available in literature, 𝑏𝑝 𝑏𝑝⁄  ratio has been varied from less than 40 
to more than 60. The ratios considered range from 150, 37.5 (control), 24, 16.7, 12.3 
and 9.4 respectively for plate thickness of 2 mm, 4 mm (control), 5 mm, 6 mm, 7 mm 
and 8 mm. 
6.3.4 Plate Thickness (𝒕𝒃) 
In this study the 𝑏𝑝 𝑏𝑝⁄  ratio is varied by changing the cross-sectional area of plate. 
The width of plate is kept constant while the thickness is altered. The 𝑏𝑝 𝑏𝑝⁄  ratio for 
the plate thickness of 2 mm, 3 mm, 4 mm (control) and 5 mm11 are respectively 75, 
50, 37.5 and 30. As identified in literature, these values range below the suggested 
limit of 40 (to cause failure at plate end) and beyond 60 (to observe plate yielding). 
The available limit of values will be verified in this study. 
6.3.5 Plate length in shear-span to sectional-depth ratio (𝒍𝒃𝒕/𝑫) 
Based on the symmetrical boundary conditions of the beam, it is assumed that 𝐿𝑝𝑠 
denotes the plate length in shear span (that is, outside pure flexural span), and 𝑙𝑝𝑠 
denotes the plate length for half beam (that is, 𝑙𝑝𝑠 = 𝐿𝑝𝑠/2). And if “D” denotes the 
overall depth of the concrete section, than the plate length extending outside the pure 
flexural span can be related in terms of 𝑙𝑝𝑠/𝐷 ratio. 
For this purpose four lengths of the plate have been considered: three outside the pure 
flexural crack (one of which extends close to supports) and the one equal to pure 
flexural span. The value of 𝐷 for the study is 250 mm, this yields 𝑙𝑝𝑠/𝐷 ratio of 0, 1, 2 
and 2.6 for 𝑙𝑝𝑠 of 0 mm, 250 mm, 500 mm and 650 mm (control beam) respectively. 
6.4 Effect of parameters on the overall performance of the beam 
6.4.1 Thickness of adhesive layer (𝒕𝑲) 
The behaviour (development of stress and strains) at critical sections has been 
demonstrated in Figure 6.1 for adhesive thickness of 5 mm. The behaviour of beams 
                                            
11 For current beam with plate thickness greater than 5 mm, theoretically the section becomes over reinforced; while 
the objective of the analysis is to investigate premature failure(s) by maintaining the section as under reinforced. At 
5mm the section is theoretically balanced to slightly over reinforced section. 
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with 7 mm and 3 mm adhesive thickness was respectively similar to that of the beam 
with 5 mm thick adhesive and the control beam (with 1 mm adhesive). 
For 3 mm adhesive thickness, the behaviour at the critical regions remains similar to 
that of the control section. As the load was applied, there was a normal increase in the 
flexural cracks and interfacial stresses until a debonding crack appears at the load of 
95 kN compared to 93 kN for control beam as seen in Figure 6.2. Similar to the 
control beam, Figure 6.2 and Figure 6.3 also indicates that at 110 kN the relative rates 
of decrease in transverse stress and increase in flexural strain at plate end become 
higher until the beam fails in debonding at plate end at a load of 127.4 kN and 
ultimately in peeling at 132.4 kN. 
For beams with 5 mm and 7 mm adhesive thickness, it is seen in Figure 6.2 and 
Figure 6.3 that with the application of load there was a drastic increase in the rate of 
development of interfacial stresses at plate end. However, the initial rate was not 
maintained and started to reduce with further loading to the extent of avoiding 
appearance of interfacial crack. The maximum values of transverse stress for 5 mm 
and 7 mm adhesive were recorded at 1.98 MPa (reached at the load of 85 kN) and 1.7 
MPa (reached at the load of 83k N) respectively that ultimately failed to fulfil the 
criterion for failure initiation. The corresponding loads of flexural crack at plate end 
were 98.5 kN and 97.5 kN respectively compared to control beam of 100 kN. The 
load after which the surge in the rate of flexural crack opening was noticed remained 
same for all cases at 110 kN. This resulted in stress redistribution at interface that 
resulted in the drop of stresses at the interface due to adjacent opening of flexural 
crack. This avoided appearance for debonding cracks. The corresponding beams 
finally fail in peeling around the load of 132.5 kN and 131.8 kN respectively. 
To establish the reason of failure, values at critical regions were noted (see Table 6 - 
1). For 3mm adhesive, when the stress at interface dropped to zero, the SDEG was 
noted to be 100%. At ultimate load, the flexural strains in covercrete at plate end and 
mid span were 0.00405 and 0.00125 respectively. This indicates debonding at plate 
end as first mode of failure, followed by peeling. For beams with 5 mm and 7 mm 
adhesive thickness, the flexural strains in covercrete at plate end were 0.00272 and 
0.00264. And at mid span were 0.0011 and 0.00123 respectively. No degradation in 
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cohesive elements was noted. This indicates failure in peeling. The peeling crack 
appeared at around 131 kN and 130 kN respectively for 1 mm (control beam) and 
3mm case, while for 5 mm and 7 mm a complete flexural crack (strain of 0.003) was 
not noticed at the end of analysis. However, the stress concentrations within 
covercrete at plate end for thicker adhesives suggest a possible failure in peeling at 
higher capacities. 
Overall, load to cause peeling failure increased with increasing adhesive thickness. 
And the load to cause debonding failure (if any) at plate end also increased; this 
behaviour was in agreement with the observations of Macdonald and Calder 
(Macdonald and Calder, 1982) that the debonding crack is avoided with increase in 
adhesive thickness. However, unlike  Macdonald and Calder (1982), the observations 
of this study are in agreement with that of Oh et al. (2003a, 2003b) that the peak load 
(ultimate capacity of beam) is increased with increased adhesive thickness. 
6.4.2 Shear Span to Depth ratio (𝒊/𝒅) 
With the increase in 𝑖/𝑑 ratio the ductility of the section increases (see Figure 6.19) 
and the critical values are noted in Table 6 - 2. The behaviour at the critical regions 
has been plotted in Figure 6.6 for 𝑖/𝑑 ratio of 4.77 that observed plate yielding. 
For 𝑖/𝑑  ratio of 4.77, with the application of load the flexural interfacial crack 
appeared at mid-span at 15 kN. Complete debonding at mid-span was captured at 82 
kN, followed by the appearance of interfacial damage at plate end at 92 kN. The 
compression strains of 0.002 and 0.003 were reached at a load of 98 kN and 106 kN 
respectively, however the section was not designed to soften in compression after 
reaching a plastic plateau at a strain of 0.002. From Figure 6.6, at a load of around 100 
kN peeling crack starts to appear (at flexural strain of 0.0001), and at 110 kN the rate 
of development of such crack was observed to increase sharply. At load of 114 kN 
plate yielded at mid-span (E11PlateMid = 0.0014) as can be noticed in Figure 6.6 with 
a sharp increase in strain development; it was the first mode of failure. This was 
further confirmed with the sharp increase in the strain development of flexural crack 
at the same location; this resulted due to the yielding of plate. At this stage, the 
section could take an extra load on the compression zone above the neutral axis that 
has not reached plasticity. A further increase in load resulted debonding at plate end at 
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a load of 128.5 kN. Rebar steel yielded (at strain of 0.002) at the load of 128.6 kN. 
Complete flexural crack at plate end was observed at 131.7 kN. Finally section was 
observed to also fail in peeling at the load of 134 kN. In Figure 6.6, encircled are the 
critical points of appearance of cracks and failures. 
The behaviour of the beam with 𝑖/𝑑 ratio of 4.09 was similar to the beam with higher 
𝑖/𝑑  ratio until the flexural crack at mid-span appeared at 16 kN. The debonding 
cracks at plate-end and mid-span were initiated at the loads of 92 kN and 110 kN 
respectively. At the load of 128 kN, two modes of failure were observed (see Figure 
6.7 for reaching limits) to occur simultaneously, namely debonding at plate end and 
plate yielding at mid span. Complete flexural crack at plate end was observed at 131.4 
kN. The sectional capacity was noted at 133.9 kN in peeling. Again, the failure of 
beams with 𝑖/𝑑 ratio of roughly more than 4 is different than the control case. 
With 𝑖/𝑑 ratio of 2.27, the flexural cracks at mid-span and plate end appeared at 28 
kN and 100 kN respectively. With further loading, unlike control beam no interfacial 
crack was observed and the beam failed in peeling (complete flexural crack at 131.7 
kN) with an ultimate capacity of 136.5 kN. 
For 𝑖/𝑑  of 1.36, unlike other cases, this section indicated the development of 
diagonal tension crack emerging from plate end (Figure 6.10). At this location within 
shear span, the flexural strain was as high as 0.00045 (> 0.0001) at the end of analysis. 
Flexural cracks at flexural-span were formed at a load of 50 kN compared to the 
control case at 21 kN. Both, flexural crack and debonding crack at plate end emerged 
at 100 kN. After this load, both of these cracks start to propagate at a much higher rate. 
Debonding crack was observed to propagate inwards and peeling crack upwards. 
Complete debonding at plate end occurred at a load of around 133 kN. Complete 
flexural crack at plate end was observed at 137.6 kN with ultimate capacity in peeling 
at 143 kN. Although, same modes of failure were recorder, the behaviour of section is 
different than the control case.  
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6.5 Discussion: Effect of parameters on failure mode(s) and beam 
capacity 
6.5.1 Thickness of adhesive layer (𝒕𝑲) 
The choice of the adhesive thickness for the given range was mainly reflected on the 
load of crack initiation that is debonding at plate end (if any) and flexural crack at 
bending span, and the mode of failure as detailed next. 
Although increased stress accumulation was seen at interface with the increase in 
adhesive thickness causing localised stress concentration(s), the stress redistribution 
was reduced between the adhesive-steel plate interface and the adhesive-concrete 
interface. This resulted into: 
- avoiding the formation of interfacial cracks at plate end, 
- a relative decrease in the rate of flexural crack opening at plate-end, 
- a relative decrease in the load of appearance of flexural cracks and, 
- a relative increase in the rate of flexural crack opening at mid-span. 
These observations have been detailed next. 
As a consequent effect of reduced stress redistribution resulted into slightly larger 
flexural crack with increase in the adhesive thickness (see Figure 6.4)12. However, 
although to a certain limit, at plate end the behaviour is reversed, that is the rate of 
formation of flexural crack reduced for thicker adhesive (see Figure 6.3). These 
observations on the formation of flexural cracks suggests the direction of the transfer 
of stresses, that is at mid-span the stresses are transferred from covercrete outwards 
towards external plate while the stresses are transferred inwards from plate to 
covercrete at plate-end. Again, such behaviour can be attributed to inadequate stress 
redistribution in either direction as a consequence of thicker adhesive. The thicker 
adhesive resulted into change in first mode of failure from debonding at plate end to 
peeling. 
                                            
12 The flexural strains along the covercrete are plotted at 100kN because flexural cracks have appeared at this stage, 
yet beams have not failed. 
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After the formation of flexural crack and its rapid growth, the undamaged cohesive 
elements (attached to such flexural cracks) at interface revert back to their original 
state (see Figure 6.2). The interfacial stresses dropped relatively with a larger rate for 
thicker adhesive. 
The difference in the load at which interface crack appeared for control beam (at 93 
kN) and beam with adhesive thickness of 3 mm (at 95 kN) was 2 kN, while the load 
difference at the time of debonding was only 0.6 kN with latter beam failing at lower 
load. 
The rates of flexural strain development at plate end are plotted in Figure 6.3. This 
shows that for thin layers of adhesive (of 1 mm (beam S41) and 3 mm (beam S43) 
thickness) overlapping result was established, and for thick layers of adhesive (5 mm 
and 7 mm thick) the results mutually overlapped by representing a comparatively 
different rate of development of flexural strain. With this it can be established that 
increasing adhesive thickness beyond a certain value would not affect the 
development of flexural cracks at plate end. These values in for present range can be 
maintained at 3 mm and 5 mm as lower limit and higher limit, that is, ]3 mm, 5 mm[. 
Overall, for thicker adhesives no complete flexural crack is formed at the end of the 
analysis. This means that it is hard to quantify the rate of change of load to cause 
peeling for the two limits of adhesive thicknesses. Rate of change in load to cause 
debonding at plate end was observed from cases with 1 mm and 3 mm thick adhesive 
to be increased by 2 kN per 2 mm increase in adhesive thickness. In agreement with 
Oh et al. (2003b), the observations indicated a slight increase in debonding capacity at 
plate end with the increase in the adhesive thickness. 
6.5.2 Shear Span to Depth ratio (𝒊/𝒅) 
The choice of the shear span to depth ratio for the given range was mainly reflected 
on the load of crack initiation, propagation of cracks, distribution of flexural cracks, 
stiffness of beam, sectional capacity and the mode of failure. 
In accordance Oh et al. (2003b), it is obtained that along with the increase in ductility 
of the beam with the increase in 𝑖/𝑑 ratio (see Figure 6.19). The mode of failure can 
change from premature failure to plate yielding. 
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The load at which the first flexural crack appeared at mid-span increased with the 
increase in the flexural span. This indicates a decrease in 𝑖/𝑑  ratio. Change in 
ductility of the beam with a/d ratio also affected propagation of flexural crack. It is 
seen in Figure 6.17, higher flexural strains were observed within flexural span for 
sections with higher 𝑖/𝑑 ratios extracted at same load of 100 kN13. Figure 6.5 shows 
the propagation of interfacial cracks that the cracks at mid span propagated inwards 
(see Figure 6.5a) and outwards, while the crack at plate end propagated inwards 
(Figure 6.5b) as is clear through the SDEG variation of cohesive elements. Figure 
6.18 was plotted to compare the strains and stresses across the sectional depth at a 
given load of 100 kN. This indicate that the depth of neutral axis to be around 124 
mm from top compression fibre. The cross sectional strain and stress values were 
found to increase with increase in 𝑖/𝑑  ratio. Large fluctuations are seen in 
longitudinal strains across the cross section for 𝑖/𝑑 ratio of 4.77. This is mainly due 
to yielding of the plate that initiated at 114 kN, the noted value of longitudinal strain 
at extreme bottom fibre of plate was 0.00254 (> 0.0014 at yield point), while at the 
top fibre of plate the strain was noted to be 0.00112 (< 0.0014). This indicates that the 
extreme fibre of plate has been yielding but the inner fibre is still intact. 
In order to check the effect of 𝑖/𝑑 ratio on debonding at plate end, a graph has been 
plotted (Figure 6.11) for the range studied. The plots overlap for 𝑖/𝑑 ratios of 4.77 
and 4.09 and 3.18 (control). The behaviour of interface is noticeably different at a/d 
ratio of 2.27 with the relatively lower rate of stress development and the initiation of 
debonding crack was not observed. The load at debonding initiation and complete 
debonding for 𝑖/𝑑 ratios of 4.77, 4.09, 3.18 and 1.36 were noted to be, (92, 128.5) kN, 
(92, 128) kN, (93, 128) kN and (100, 133) kN respectively. For 𝑖/𝑑 ratio of 2.27, 
debonding at plate end was completely avoided and the section was noted to fail in 
peeling. For relatively low 𝑖/𝑑 ratio of 1.36, diagonal tension crack was observed to 
emerge near the plate end and propagate towards the nearest point of application of 
load. 
                                            
13 This load of 100kN is selected for the purpose because at this point the beams are at reasonable stage to represent 
the good accuracy for comparison. At this stage, cracks are already propagating, yet no complete mode of failure 
was observed. 
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Figure 6.12 indicates that as the 𝑖/𝑑 ratio is increased, the rate of development of 
interface stresses at mid-span increased to cause debonding. Such behaviour can be 
attributed to the formation of flexural cracks at mid span. Figure 6.15 indicates an 
increase in flexural crack openings for a given load with increase in 𝑖/𝑑 ratio. The 
load of appearance of flexural cracks for a/d ratios of 3.18, 4.77, 4.09, 2.27 and 1.36 
were noted to be 21 kN, 15 kN, 15 kN, 28 kN and 50 kN respectively. This resulted 
into appearance of localised debonding cracks at mid-span at the load of 82 kN and 
110 kN for 𝑖/𝑑 ratios of 4.77 and 4.09 respectively. With further increase in load, 
complete debonding was not observed and the rate of propagation was slow. This 
depends on the crack energy and may indicate the propagation of interfacial cracks to 
cover a larger span. The fluctuations in the plots (see Figure 6.12) are noticed for a/d 
ratios of 4.77 and 4.09 starting at the respective loads of 114 kN and 128 kN. This 
was due to yielding of external plate that affected stress redistribution. The Figure 
6.13 indicates the development of longitudinal strain of plate at mid-span to check for 
yielding (if any). Plate is yielded for high 𝑖/𝑑 ratios of 4.77 and 4.09 mainly due to 
comparatively increased ductility of section. With increased loading, tensile rebar was 
also yielded for 𝑖/𝑑 ratio of 4.77 at the end of analysis. 
Figure 6.14 indicates the effect of 𝑖/𝑑 ratio on the formation of flexural crack at plate 
end. It is seen that the peeling load was large only for very low 𝑖/𝑑 ratio of 1.36. This 
may be attributed to lower central deflection with increased stiffness of the section 
that resulted into relatively less opening of flexural cracks at a given load. This 
resulted increase in the ultimate load capacity to 143 kN, while for all other cases 
capacity in peeling remained same at 134 kN. 
In Figure 6.16, it is seen that the premature failure capacity of the beam does not 
depend much on the shear span to depth ratio except for the very low value of 1.36. In 
cases where the plate yielding is achieved, the numerical capacities are in close 
agreement with the theoretical capacities. The theoretical capacities for 𝑖/𝑑 ratios of 
4.77 and 4.09 are 116 kN and 136 kN respectively. For sections failing prematurely 
(not yielding), the numerical capacities at first mode of failure are greater than the 
theoretical and numerical capacities of a beam equivalent to 3-point bending problem. 
The theoretical capacities for the sections failing prematurely are larger than the 
Chapter 7: Analysis and Discussion on Parametric Studies 
167 
 
 
numerical capacities as the premature failures are not considered while determining 
theoretical capacities. Theoretical capacities increased with decreasing 𝑖/𝑑 ratio. 
6.5.3 Plate width to thickness ratio (𝒃𝒃 𝒕𝒃⁄ ) 
The effect of 𝑏𝑝 𝑏𝑝⁄  ratio is largely reflected on debonding stresses along the interface. 
The critical values are summarised in Table 6 - 3. 
The mode of failure remained same as control beam. As the load was applied, a slight 
increase in the rate of development was observed with increasing 𝑏𝑝 𝑏𝑝⁄  ratio. This 
resulted in the appearance of debonding cracks, for beams with higher 𝑏𝑝 𝑏𝑝⁄  ratios, at 
slightly lower value of load. For 𝑏𝑝 𝑏𝑝⁄  ratios of 150, 37.5 (control beam), 24, 16.7, 
12.3 and 9.4 the debonding crack at plate end appeared at load of 89 kN, 93 kN 
(control case), 95 kN, 96 kN, 96 kN and 95 kN, while complete debonding is captured 
at 130 kN, 128 kN (control case), 127 kN, 127 kN and 126 kN respectively. The 
variation in loads is not very significant. However, increased 𝑏𝑝 𝑏𝑝⁄  ratios resulted in 
slight increase in capacities at first mode of failure (see Figure 6.20) and ultimate 
failure. However, the theoretical model of Raoof et al. (2000) indicated substantial 
increase in peeling capacity with increase in 𝑏𝑝 𝑏𝑝⁄  ratio where the width of the beam 
was increased while the area of plate was kept unchanged (with the width of the plate 
kept equal to the width of the beam). 
As the load was applied, the debonding stresses at mid-span largely remained 
negligible. However, after the load has reached a value of around 110 kN, a slight 
increase in the rate of development of these stresses was observed for the beams with 
smaller values of 𝑏𝑝 𝑏𝑝⁄  ratios. 
Therefore, in contradiction to Macdonald and Calder (1982), 𝑏𝑝 𝑏𝑝⁄  ratio did not 
affect the mode of failure. The fact that such variations in literature can be attributed 
towards changing geometry of the beam and the cross sectional area of plate, is also 
supported in the discussion by Swamy & Mukhopadhyaya (1995) on the experimental 
results of Hussain et al. (1995). The observations of present work are in agreement 
with Jones et al. (1995) for 𝑏𝑝 𝑏𝑝⁄  of less than 40 that the plate separation starting at 
the plate ends, that is, it will not be a failure caused by bending. In addition, the 𝑏𝑝 𝑏𝑝⁄  
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ratios can also be affected by changing only one parameter (either thickness of plate 
or width or plate) as discussed next in this study. 
6.5.4 Plate Thickness (𝒕𝒃) 
The choice of the adhesive thickness for the given range was mainly reflected on the 
load of crack initiation and failure, mode of failure, distribution of flexural cracks 
over mid-span and the capacity of the beam. 
The critical values are summarised in Table 6 - 4. Table 6 - 4 shows that for beam 
with 2 mm plate, the longitudinal strain in plate at mid-span is smaller than the 
flexural strain of tension concrete. It can be seen from Figure 6.26 that as soon as the 
load was applied, there was a higher rate of strain development at mid-span of beams 
with relatively thinner plates. Such behaviour indicates that an increased 
strengthening at mid-span is provided with thicker plates, which results into improved 
stress redistribution in the region. As a result, flexural cracks appeared at relatively 
lower loads for thinner plated beams. These were noted to be at 19 kN, 20 kN, 21 kN 
and 22 kN respectively for plate thickness of 2 mm, 3 mm, 4 mm and 5 mm (for curt 
beam with plate thickness greater than 5 mm, the section becomes over reinforced). 
Therefore, after this, a further variation in the rate of development of such cracks was 
observed. For 2 mm plate, the sudden increase in this rate was noted at load of 117 kN 
due to yielding of plate at this location. However, first location of plate yielding was 
observed at 113 kN underneath the beam at the vertical projection of point load due to 
large flexural crack. This observation indicates a sensitive location for (localised 
yielding). The appearance of such flexural crack is also identified by Teng and Yao 
(2005) through sketch representation. A further increase in this rate was noted at 
134.9 kN due to yielding of tensile rebars. For section plated with 3 mm thick plate, 
plate yielded at 137 kN. While for remaining sections, with 4 mm and 5 mm thick 
plates, no yielding of plate observed. 
Thicker plate provided extra strengthening to the surface; this certainly improved the 
redistribution of tensile stresses over covercrete over the length of the plate (see 
Figure 6.27 plotted at 106 kN). With the increase in plate thickness, relatively low 
flexural strains are noticed at mid-span as such strains tend to concentrated at plate 
end with increase in plate thickness. The longitudinal strains at mid-span for steel 
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plate at the load of around 106 kN were noted to be 0.0013, 0.0009, 0.0008 and 
0.0007 for plate thickness of 2 mm, 3 mm, 4 mm and 5 mm respectively, showing a 
decreasing trend. At this load the strains at plate end were 0.00008, 0.0001, 0.00015 
and 0.00018 for the respective plate thicknesses, showing an increasing trend. It 
should be noted that although the ductility of section increased with thinner plate (see 
Figure 6.28), the strains at plate end are lower for thinner plate. It also shows from 
Figure 6.27 that the overall tensile strain at any given deflection largely gets 
concentrated towards flexural span (such as unplated beam) as the plate thickness is 
reduced and avoids peeling. 
The propagation of stresses along interface as a result of flexural crack is captured 
through the development of interfacial stresses (Figure 6.23) at a common interface at 
mid-span. The increase in the rate of development for interfacial stresses generated at 
the load of 79 kN and 111 kN for 2 mm and 3 mm plates. This rate increased even 
further for 2 mm plated beam with the yielding of plate at 113 kN underneath point 
load and at 117 kN at the centre of mid-span (see Figure 6.21). The sudden drop was 
found at 134.9 kN as a result of yielding of tensile rebar. 
It is seen from Figure 6.24 that a beam with a thinner plate will observe comparatively 
higher rate of strain development from the beginning of analysis. With further load, 
yielding was noted for 2 mm and 3 mm plated beams. The yielding of 2 mm and 3 
mm plates was observed at the load of 113 kN (mid-span deflection = 4.6 mm) and 
137 kN (mid-span deflection = 5.08 mm) respectively achieving strain of 0.0014. The 
maximum strain in 4 mm and 5 mm plate was observed at 0.00112 and 0.0009 at the 
ultimate capacities for the respective cases. The maximum strain in 2 mm plated beam 
at the ultimate capacity was noted as 0.0051. 
For the beam with 3 mm thick plate, the effect of yielding was not captured through a 
sudden increase in the rate of development of longitudinal strains. It may be due to the 
fact that debonding at plate end occurred at 133 kN before plate yielded. In addition, 
after yielding of the plate the beam failed in peeling at 140 kN (within short period). 
Whereas with the beam plated with 2 mm thick plate, plate yielding was the first 
mode of failure which is followed by rebar yielding; and such failures occurred 
relatively earlier to premature modes of failures. 
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The effect of plate thickness is obvious at plate end interface stresses (Figure 6.22). It 
can be seen that as the load was applied, the rate of development of interfacial stresses 
increased from the beginning of the analysis with the increase in plate thickness. 
Consequently, the debonding cracks emerged earlier with the increased thickness of 
plate. After some load, as the remaining energy declines with crack propagation, the 
rate of crack propagation increases catastrophically to cause debonding. The complete 
debonding was observed at a comparatively lower load for thicker plate. The 
debonding cracks appeared at the load of 114 kN, 107 kN, 93 kN and 86 kN for plate 
thickness of 2 mm, 3 mm, 4 mm and 5 mm respectively. The complete debonding was 
observed for the respective cases at 142 kN, 133 kN, 128 kN and 124 kN. 
The effect of plate thickness on the formation of flexural crack at plate end is plotted 
in Figure 6.25. Until the formation of flexural cracks, the development rate of flexural 
strain was similar for all cases. The load of formation of flexural crack was affected 
by the choice of plate thickness. The flexural crack appeared at a comparative lower 
load for thicker plate. These loads were noted to be 113 kN, 106 kN, 100 kN and 93 
kN for plate thickness of 2 mm, 3 mm, 4 mm and 5 mm respectively; this decreased 
with increasing plate thickness and a load difference of around 6 kN to 7 kN was 
observed per millimetre change in plate thickness. Respectively, after the formation of 
first crack, the higher rate of crack propagation was observed for thicker plate. As a 
result, this defined the load of peeling crack of beams at 142 kN, 135 kN, 131 kN 
(control) and 128 kN respectively for 2 mm, 3 mm, 4 mm and 5 mm plate thicknesses. 
Ultimate capacity of beams in peeling was noted to be 147 kN, 140 kN, 134 kN and 
130 kN for 2 mm, 3 mm, 4 mm and 5 mm plate thicknesses respectively. This is in 
agreement with the theoretical observation of Raoof et al. (2000) that the the use of a 
thicker plate will reduce the ultimate plate peeling capcity of the beam. 
The load-deflection behaviour of the beams is plotted in Figure 6.28. Larger 
deflections for thinner plate are a result of lower tensile strengthening due to reduced 
cross sectional area of plate. Increased ductility is noted for the 2 mm plated beam at 
the load of 113 kN (with mid-span deflection of 4.6 mm) due to plate yielding, and 
even further softness was noted at 134.9 kN (with mid-span deflection of 6.62 mm) 
due to yielding of tension rebars. The beam with 2 mm plate was able to carry further 
load as the compression concrete was intact at the strain of 0.0019 at the time of 
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yielding of rebar, and premature failure(s) is not seen at this stage. The 2 mm plated 
section finally failed in peeling at 147 kN (after debonding at plate end at 142 kN). At 
the end of analysis, the maximum compression strain was 0.0028 for this beam. 
Similarly, the beam with 3 mm plate ultimately failed in peeling at 139.5 kN after 
yielding of plate at 137 kN (debonding at plate end occurred at 133 kN). Noteworthy 
is the fact that, even though beams with 2 mm and 3 mm plates observed plate 
yielding, however the beam with 2 mm plate carried comparatively larger load at 
ultimate capacity. However, theoretically, the beam to fail in flexure would carry 
greater load with thicker plate. Therefore, the comparative result of ultimate capacities 
of these two beams looks sceptical until a more precise observation is made into the 
formation of other modes of failures in relation to plate yielding. Considering the 
behaviour at critical regions, it can be seen that for 2 mm plated beam the premature 
cracks did not happen (until the rebar is yielded) for a larger load due to slower rate of 
development of strain and stresses compared to 3 mm plated section. This allowed the 
2 mm plated beam to take extra load. However for 3 mm plated section, the premature 
failures were noticed to develop at higher rates and as a result such failures are 
captured within a comparatively shorter. 
The theoretical capacities of the sections are 136.4 kN, 157 kN, 174.4 kN, and 193 kN 
for plate thickness of 2 mm, 3 mm, 4 mm and 5 mm respectively. Therefore as a result 
of premature failure, the achieved percentage of the theoretical load capacities for the 
respective beams can be plotted as in Figure 6.29. It can be seen that the percentage 
variation in capacities decreases non-linearly with their corresponding theoretical 
assumptions, except for the beam (at first mode of failure) with 2 mm plate that 
profoundly failed in yielding. The general trend of observation at ultimate capacities 
of beams failing in peeling is in agreement with the theoretical and statistical 
observation of Raoof et al. (2000). 
6.5.5 Plate length in shear-span to sectional-depth ratio (𝒍𝒃𝒕/𝑫) 
Theoretically, full capacity should be achieved with the plates covering pure flexural 
span or larger, unless rebars are yielded beyond the area covered by plate. However, it 
is noticed that the presence of premature failure(s) has dominated the behaviour of 
beam in terms of load deflection behaviour, capacity and mode of failure. The critical 
values are summarised in Table 6 - 5. It is clear from Figure 6.33 that, in addition to 
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reduced stiffness with shorter plate, a relatively early formation of premature crack(s) 
has softened the load-deflection behaviour, while the initial behaviour for the beams 
remains the same to certain extent. 
The formation of interfacial stresses at plate end is plotted in Figure 6.31. As per the 
sign convention adopted for the half beam, the negative and positive values indicate 
the relative direction of plate slip as outward and inward respectively. It is observed 
from Figure 6.31 that with decrease in plate length, the rate of debonding stresses 
increased. No interfacial cracks are initiated for 𝑙𝑝𝑠/𝐷 ratios of 1 and 2, while such 
crack was initiated for 𝑙𝑝𝑠/𝐷 ratio of 0 at 33 kN. This may be due to large flexural 
cracks at pure flexural span from the early stage of loading. However, the debonding 
as a mode of failure diluted in response of relatively rapid growing peeling failure 
(Figure 6.32). With decrease in plate length, the load of initiation of flexural crack at 
plate end was reduced and the rate of further development was drastically increased. 
The flexural cracks at plate end appeared at the load of around 9.5 kN, 14 kN and 31 
kN respectively for beams with 𝑙𝑝𝑠/𝐷 ratio of 0, 1 and 2 as compared to control case 
at 100 kN (with ratio of 2.6). This flexural crack travelled towards the rebar-
covercrete interface. For the corresponding cases, the tensile crack at rebar-covercrete 
interface appeared at 14.5 kN, 30 kN and 59 kN respectively. The corresponding 
ultimate capacities in peeling (but not necessarily first mode of failure) are 41 kN, 
51.7 kN and 87 kN compared to control beam of 134 kN. At the ultimate capacity of 
the respective beams, the tensile strain at rebar-covercrete interface was 0.0027, 
0.01004 and 0.0036, and the flexural stain at plate end was noted at 0.03621, 0.02517 
and 0.00925. 
The behaviour of the critical regions of the beam with plate length in shear span equal 
to the depth of the beam (𝑙𝑝𝑠/𝐷 of 1) is plotted in Figure 6.30. It, together with overall 
behaviour in Figure 6.33, indicates that beam reaches a maximum load after which the 
capacity of beam drops mainly due to premature failure in peeling. The capacity for 
this beam at the end of analysis is 48.8 kN. 
The increase in the load of appearance of first crack(s), increase in ultimate capacity, 
increased ductility and the reduced rate of stress and strain development at critical 
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regions with the use of longer plate clearly pushes a need to extend the flexural plate 
as close to support as possible. 
Therefore, in this chapter, the influence of geometrical parameters is studied on 
formation of different modes of failure and capacity. The effect of each parameter is 
individually investigated within a practical range and discussed in detail. However a 
comparison of the effectiveness of the parameters was needed through analytical 
discussion. 
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C h a p t e r  7 :  A n a l y s i s  a n d  D i s c u s s i o n  
o n  P a r a m e t r i c  S t u d i e s  
7.1 Introduction 
In this chapter the results are analysed and discussed based on the load of appearance 
of first crack and maximum ultimate capacity14 of the beam. The change in the mode 
of failure is noted from the appearance of first type of crack until ultimate capacity. 
Such an approach of analysis made it possible to realise how a changing parameter 
can affect the performance of a prematurely failing beam. The influence of parameters 
on formation of different modes of failure and capacity of beam is studied elsewhere 
in the parametric studies; however a comparison of the effectiveness of the parameters 
was needed through analytical discussion. 
The effect of change in parameter is plotted against the brittleness of mode(s) of 
failure. The latter is checked by noting the achievable percentage of the ultimate 
carrying capacity of the beam at the appearance of first crack (of any type). This can 
be achieved by noting the load of appearance of crack(s) 𝐹1with respect to the 
corresponding ultimate capacity of a beam 𝐹𝑐. Therefore, brittleness of failure can be 
defined as 𝐹1 𝐹𝑐� × 100%. Higher percentage indicates the increase in the capacity of 
the beam at the appearance of first crack or an early crack formation; meanwhile it 
indicates that a relatively lower load is required after the appearance of first crack to 
achieve the ultimate capacity of beam. That is, higher percentage indicates an increase 
in brittleness of the crack(s) to lead to ultimate failure, which is undesirable compared 
to a less brittle failure where an early warning can be seen in a good time before 
ultimate failure. Therefore, lower values of brittleness of failure are desirable in terms 
                                            
14 Maximum ultimate capacity of the section is the maximum possible capacity a section can attain at the time of 
premature failure. After the formation of premature failures the load capacity could decrease from the maximum 
ultimate capacity. Therefore, the maximum ultimate capacity is also termed as ultimate load in the present study. 
The ultimate load may be equal to or higher than the load at first mode of failure, depending upon whether first 
mode of failure is the sole mode of failure or not. 
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of providing failure warning to the structure and locating critical regions of concern to 
serviceability engineer that need extra attention before a beam can fail. It would also 
be interesting to note the relative importance of parameters based on variations they 
cause to brittleness of failure(s) within their practical ranges. It is because, a 
parameter causing high variations on brittleness of failure will have larger control 
over that particular mode of failure, and hence it is important while designing the 
beam/component to have additional control over failure mode/strength. Whereas, if 
the mode of failure is yielding of the plate (at mid-span), a higher percentage indicates 
increase in achievable capacity (in flexure). 
In the following plots to check brittleness of failure(s), the vertical axis represents the 
load at appearance of crack as the total percentage of ultimate load of the 
corresponding beam. The empty points in the following plots indicate the first mode 
of complete failure as the corresponding beams are loaded further. While the 
horizontal axis shows the variable parameter. 
An earlier warning of a catastrophic failure can be signified by the appearance of first 
crack at lower load of the total ultimate capacity of the beam Therefore, it is also 
important to record the change in the maximum ultimate capacity of the beams 
(indicated in the corresponding Tables). 
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7.2 Analytical observation 
7.2.1 Shear strength for interface (𝒕𝒕° ) 
The effect of change in transverse strength of the interface is plotted against the 
brittleness of mode(s) of failure in Figure 7.1 judged against the control beam. 
 
Figure 7.1 Brittleness of failure modes for  𝑏𝑠° 
The beams observed mainly two modes of premature failure as debonding at plate end 
and peeling. Table 7 - 1 indicates that the load of appearance of debonding crack at 
plate end increased significantly with the increase in strength; whereas the load of 
appearance of flexural crack at plate-end increased slightly. For 50% of strength, the 
relatively early appearance and formation of debonding dominated the premature 
failure of the beam and as such the beam failed before a flexural crack can appear at 
plate end. 
With 50% reduction in strength, reduction in the maximum ultimate capacity was 
28%; while 100% increase in strength resulted only small increase in the capacity by 
around 2% (see Table 7 - 1). This indicates an almost maximum limit for ultimate 
capacity is reached that can be obtained by increasing interfacial strength in transverse 
direction. 
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Table 7 - 1 Brittleness of failure modes for  𝑏𝑠° 
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7.2.2 Shear stiffness of adhesive at interface (𝑲𝑲𝑲) 
The effect of change in shear stiffness of adhesive in transverse direction is plotted 
against the brittleness of mode(s) of failure in Figure 7.2 judged against the control 
beam. The beams observed mainly two modes of premature failure as debonding at 
plate end and peeling. 
 
Figure 7.2 Brittleness of failure modes for 𝐾𝑔𝑔 
For the given range of shear stiffness, the first mode of complete failure remained 
unaffected at debonding at plate end. Table 7 - 2 indicates that the load of appearance 
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of debonding crack at plate end decreased significantly with the increase in shear 
stiffness of adhesive; whereas the load of appearance of flexural crack at plate end 
remained unaffected. This shows that interface shear-stiffness has significant 
influence on the formation of debonding cracks. 
Table 7 - 2 Brittleness of failure modes for 𝐾𝑔𝑔 
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Table 7 - 2 indicates that the interfacial crack appeared at 53% of ultimate capacity for 
the corresponding beam with 100% increase in shear stiffness. Such percentage is 
found to increase to 88% and 81% from 69% (control beam) if the shear stiffness is 
reduced by 75% and 50% respectively. It is noted that the ultimate capacities are 
affected only slightly and the appearance of flexural crack at plate end remained 
constant at 100 kN. Such behaviour indicates a relatively early appearance of 
premature cracks with reduced transverse strength. 
7.2.3 Fracture energy at interface (𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊) 
The effect of fracture energy of the crack at interface is plotted against the brittleness 
of mode(s) of failure in Figure 7.3 compared against the control beam. The beams 
observed mainly two modes of premature failure as debonding at plate end and 
peeling.  
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Figure 7.3 Brittleness of failure modes for 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 
Table 7 - 3 indicates that the load of appearance of debonding and peeling cracks 
remained unaffected. Not only debonding cracks were affected, but flexural cracks 
were equally affected. 
It is noted in Table 7 - 3 that if the fracture energy of the interface are around -65%, -
50%, 50% and 100% of the control case, the interfacial crack (as the first crack) at 
plate end appeared at around 71%, 70.5%, 68% and 67.6% of the ultimate capacity. 
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Table 7 - 3 Brittleness of failure modes for 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 
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7.2.4 Adhesive thickness (𝒕𝑲) 
The effect of adhesive thickness is plotted against the brittleness of mode(s) of failure 
in Figure 7.4 compared against the control beam with 1mm of adhesive thickness. The 
beams observed mainly two modes of premature failure as debonding at plate end and 
peeling. 
 
Figure 7.4 Brittleness of failure modes for 𝑏𝑔 
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It can be seen from Figure 7.4 that if the adhesive thickness is increased to 7 mm, the 
flexural crack at plate end appeared at 74% of the ultimate capacity compared to 69% 
for control case with debonding crack. However, such variation is not highly 
significant as the change in ultimate capacity for 7 mm is only -1.6% relative to 
control beam. The ultimate capacity increased slightly with increase in thickness until 
5 mm and decreased at 7 mm. 
Table 7 - 4 Brittleness of failure modes for 𝑏𝑔 
𝑏 𝑔
 (m
m
)  
𝑏 𝑔
 %
ag
e 
C
ha
ng
e 
 
Lo
ad
 a
t F
irs
t 
C
ra
ck
 𝐹
1
 (k
N
) 
U
lti
m
at
e 
Lo
ad
  𝐹 𝑐 (kN
)  
%
ag
e 
U
lti
m
at
e 
Lo
ad
 a
ch
ie
ve
d 
w
.r.
t. 
lo
ad
 a
t 
fir
st
 c
ra
ck
 
 𝐹 1 𝐹 𝑐�×
100% 
U
lti
m
at
e 
m
ax
im
um
 c
ap
ac
ity
 %
ag
e 
va
ria
tio
n 
 
D
eb
on
di
ng
 a
t 
Pl
at
e-
en
d 
Pe
el
in
g 
D
eb
on
di
ng
 a
t 
Pl
at
e-
en
d 
Pe
el
in
g 
1 0 93 100 134 69.4 74.6 0 
3 200 95 100 136 69.9 73.5 1.5 
5 400   98.5 137.6   71.6 2.7 
7 600   97.5 131.8   73.98 -1.6 
 
The first mode of complete failure changed from debonding at plate end for 1 mm and 
3 mm thick adhesive to peeling for 5 mm and 7 mm thick adhesive. This shows that 
adhesive thickness has influence on first mode of complete failure.  
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7.2.5 Shear span-to-depth ratio (𝒊/𝒅) 
The effect of shear span to depth ratio is plotted against the brittleness of mode(s) of 
failure in Figure 7.5. The control (reference) beam corresponds to ratio of 3.18. The 
beams observed mainly four modes of premature failure as debonding at plate end, 
peeling, debonding at plate mid and plate yielding. 
 
Figure 7.5 Brittleness of failure modes for 𝑖/𝑑 ratio 
The 𝑖/𝑑 ratio has main influence on the formation of types of cracks and first mode 
of complete failure. The ultimate capacity remained largely unaffected except for very 
low 𝑖/𝑑 ratio of 1.36 (that is, 6.7% increase compared to control case). 
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Table 7 - 5 Brittleness of failure modes for 𝑖/𝑑 ratio 
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-
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For 𝑖/𝑑 ratio of 4.09, first modes of complete failure were noted to be debonding at 
plate end and yielding of plate at mid-span together. Noteworthy is the fact that, 
although plate yielding was achieved for higher 𝑖/𝑑 ratio, the capacity at first mode 
of failure for 𝑖/𝑑 ratio of 4.09 remained same as control beam failing in debonding at 
plate end at 128 kN. This capacity was reduced at 114 kN for increased 𝑖/𝑑 ratio of 
4.77. Such behaviour indicates that high values of 𝑖/𝑑  ratio would reduce the 
possibility of premature failure to be first complete mode of failure but it may not 
improve the capacity of the beam at first mode of failure. In addition, the analysis 
indicates that the 𝑖/𝑑 ratio of around 4.09 is required to achieve maximum capacity 
of plated-beam in flexure. 
7.2.6 Plate width-to-thickness ratio (𝒃𝒃 𝒕𝒃⁄ ) 
The effect of plate-width-to-thickness ratio is plotted against the brittleness of mode(s) 
of failure in Figure 7.6 compared against the control beam. The beams observed 
mainly two modes of premature failure as debonding at plate end and peeling. 
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Figure 7.6 Brittleness of failure modes for 𝑏𝑝 𝑏𝑝⁄  ratio 
Table 7 - 6 Brittleness of failure modes for 𝑏𝑝 𝑏𝑝⁄  ratio 
𝑏 𝑝
𝑏 𝑝⁄
   
𝑏 𝑝
𝑏 𝑝⁄
%
ag
e 
C
ha
ng
e 
 
Lo
ad
 a
t F
irs
t 
C
ra
ck
 𝐹
1
 (k
N
) 
U
lti
m
at
e 
Lo
ad
  𝐹 𝑐 (kN
)  
%
ag
e 
U
lti
m
at
e 
Lo
ad
 a
ch
ie
ve
d 
w
.r.
t. 
lo
ad
 a
t 
fir
st
 c
ra
ck
 
 𝐹 1 𝐹 𝑐�×
100% 
U
lti
m
at
e 
m
ax
im
um
 
ca
pa
ci
ty
 %
ag
e 
va
ria
tio
n 
 
D
eb
on
di
ng
 a
t 
Pl
at
e-
en
d 
Pe
el
in
g 
D
eb
on
di
ng
 a
t 
Pl
at
e-
en
d 
Pe
el
in
g 
150 300 89 100 135 65.9 74.1 0.8 
37.5 0 93 100 134 69.4 74.6 0 
24 -36 95 100 133 71.4 75.2 -0.8 
16.7 -55.5 96 100 133 72.2 75.2 -0.8 
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The first mode of complete failure remained debonding at plate end. The ultimate 
capacity remained largely unaffected with the deviation of only 0.75% and -1.5% for 
change in 𝑏𝑝 𝑏𝑝⁄  ratio by 300% and -75% for the chosen range of 150 to 9.4 
respectively (see Table 7 - 6). 
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7.2.7 Tensile strength for concrete (𝑮𝒕𝑮) 
The effect of tensile strength of concrete is plotted against the brittleness of mode(s) 
of failure in Figure 7.7. The control value lies at 2.87 MPa. The beams observed 
mainly two modes of premature failure as debonding at plate end and peeling. 
 
Figure 7.7 Brittleness of failure modes for 𝐺𝑡𝑐 
For lower tensile strength, the first mode of complete failure changed to peeling from 
debonding at plate end. Table 7 - 7 indicates that the load of appearance of interfacial 
crack and flexural crack at plate end decreased significantly with the decrease in  𝐺𝑡𝑐. 
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Overall, the percentage load (of the ultimate capacities) of flexural crack remained 
unaffected, while it decreased through the formation of interfacial crack with 
reduced  𝐺𝑡𝑐. 
7.2.8 Fracture energy for covercrete (𝑮𝑮𝑮_𝑮𝒄𝒄𝒊𝒊𝑮𝒊𝒊𝒕𝒊) 
The effect of fracture energy of covercrete is plotted against the brittleness of mode(s) 
of failure in Figure 7.8. The control value lies at 0.042 MPa-mm. The beams observed 
mainly two modes of premature failure as debonding at plate end and peeling. 
 
Figure 7.8 Brittleness of failure modes for  𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 
For the given range of crack energy, the appearance of first crack remained interfacial 
crack at plate end. For crack energy of 0.03 N/mm, 0.042 N/mm (control), 0.1 N/mm, 
0.3 N/mm and 1 N/mm the percentage of ultimate capacity achieved through the 
formation of interfacial crack are 74.4%, 69.4% (control) 66.6%, 67.4% and 67.4% 
and though the appearance of flexural crack are 80%, 74.6% (control), 71.6%, 72.5% 
and 72.5% respectively. 
The ultimate capacity is increasingly affected for values lower than 0.1 MPa-mm, 
whereas the change is insignificant for higher values. For reduced value of crack 
energy of 0.03 N/mm, the ultimate capacity was reduced by 6.7%. 
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Table 7 - 8 Brittleness of failure modes for  𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 
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Relative to control beam, the first mode of complete failure remained debonding at 
plate end for lower values of crack energy, whereas for increased values of crack 
energy such mode of failure was changed to peeling. Table 7 - 8 indicates that the 
load of appearance of debonding crack at plate end and flexural crack at plate end 
remained unaffected. 
7.2.9 Normal stiffness of adhesive at interface (𝑲𝑲𝑲) 
The effect of normal stiffness of adhesive is plotted against the brittleness of mode(s) 
of failure in Figure 7.9 compared against the control beam. The beams observed 
mainly two modes of premature failure as debonding at plate end and peeling. 
The ultimate capacity decreased by 1.5% for the 75% reduction in stiffness, while the 
ultimate capacity was increased by only 0.8% if the stiffness is increased by 100%. 
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Figure 7.9 Brittleness of failure modes for 𝐾𝑔𝑔 
The first mode of complete failure remained unaffected at debonding at plate end. 
Table 7 - 9 indicates that the load of appearance of debonding crack at plate end 
decreased significantly with the increase in normal stiffness of adhesive. It can be 
seen from Figure 7.9 that if the normal strength of interface was increased by 100%, 
the interfacial crack at plate end appeared at around 66% of ultimate capacity of the 
corresponding beam; while this load was 75.8% for reduced stiffness by 75% relative 
to control value. 
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Certainly, an earlier warning crack appears prior to beam failing prematurely at 
ultimate capacity with the increase in stiffness. Meanwhile, the load of appearance of 
flexural crack at plate end remained unaffected. Clearly, the normal-stiffness of the 
interface has significant influence on the formation of debonding cracks. 
7.2.10 Normal strength of interface (𝒕𝒕° ) 
The values for control beam were 𝑏𝑠°= 2 MPa and 𝑏𝑛° = 2.87 MPa (=𝐺𝑡𝑐). The effect of 
normal strength of adhesive or interface is plotted against the brittleness of mode(s) of 
failure in Figure 7.10. The control value lies at 𝑏𝑛° =143.5% 𝑏𝑠°. The beams observed 
mainly two modes of premature failure as debonding at plate end and peeling. 
 
Figure 7.10 Brittleness of failure modes for 𝑏𝑛°  
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Table 7 - 10 Brittleness of failure modes for 𝑏𝑛°  
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The first mode of complete failure changed from debonding at plate end to peeling for 
reduced normal strength. The ultimate capacity remained largely unaffected for 
normal strength equivalent to 0.5 times shear strength, while it was significantly 
reduced by 8.2% for 𝑏𝑛°  equivalent to 25% 𝑏𝑠°. 
7.2.11 Plate thickness (𝒕𝒃) 
The effect of plate thickness is plotted against the brittleness of mode(s) of failure in 
Figure 7.11. The control value lies at 4 mm of plate thickness. The beams observed 
mainly three modes of premature failure as debonding at plate end, peeling and plate 
yielding. 
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Figure 7.11 Brittleness of failure modes for 𝑏𝑝 
 
Table 7 - 11 Brittleness of failure modes for 𝑏𝑝 
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The ultimate capacity decreased with increase in plate thickness. For plate thickness 
of 2 mm, 3 mm, and 5 mm the ultimate capacities changed by 9.7%, 4.5% and - 3% 
relative to the control beam (with ultimate capacity of 134 kN).  
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7.2.12 Plate length in shear-span to sectional-depth ratio (𝒍𝒃𝒕/𝑫) 
The effect of plate length is plotted against the brittleness of mode(s) of failure in 
Figure 7.12. The control value lies at the ratio of 2.6. The beams observed mainly two 
modes of premature failure as debonding at plate end and peeling. 
 
Figure 7.12 Brittleness of failure modes for 𝑙𝑝𝑠/𝐷 ratio 
With   𝑙𝑝𝑠/𝐷 ratio of 2, 1 and 0, the ultimate capacities of prematurely failing sections 
are noted to significantly decrease by 35%, 61.4% and 69.4% relative to control beam 
(with ultimately capacity at 134 kN). 
The first mode of complete failure changed from debonding at plate end to peeling 
compared to control beam.  
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Table 7 - 12 Brittleness of failure modes for 𝑙𝑝𝑠/𝐷 ratio 
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Table 7 - 12 indicates that the load of appearance of debonding crack and flexural 
crack at plate end decreased significantly for the shorter plate. Clearly,   𝑙𝑝𝑠/𝐷 ratio 
has significant influence on the formation of flexural cracks at plate end which is 
responsible for failure through peeling. 
Therefore, in this chapter, the analytical discussion was present on the wide range of 
parameters affecting the brittleness of mode(s) of failure and capacity of beam. In the 
following chapter, the conclusions are drawn on the effect of parameter on the 
brittleness of mode of failure and change in mode of failure. The parameters are 
arranged based on the relative influences on beam. nutritious   
In order to discuss next the influence of the wide range of parameters studied here, it 
is important to summarise the results in a form that their effect can be checked not just 
on ultimate load, first mode and load of complete failure, and load of appearance of 
crack(s) but also what difference the appearance of such cracks make on the overall 
brittleness of the plated beam. Comparing the brittleness of failure(s) can be necessary 
for a plated beam to check for catastrophic nature of premature failure(s). 
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7.3 Discussion:  
7.3.1 Shear strength for interface (𝒕𝒕° ) 
It is observed that the brittleness of the prematurely failing beam increased with the 
increase in the transverse strength of the interface. For transverse strength reduced by 
50%, the debonding crack at plate end appeared at around half the loading capacity 
(47%) for the corresponding beam. With transverse strength incresed by 100%, the 
debonding crack at plate end appeared at around 90% the loading capacity for the 
corresponding beam. For increased strength the peeling crack appeared at around 78% 
the ultimate capacity of the corresponding beam compared to 75% for control beam. 
For corresponding cases such behaviour indicates a relatively early appearance of 
premature cracks with reduced transverse strength. 
7.3.2 Shear stiffness of adhesive at interface (𝑲𝑲𝑲) 
The increase in shear stiffness at interface reduced the overall brittleness of the failing 
section. This fact is noticed through the appearance of interfacial crack at relatively 
lower percentage of their corresponding ultimate capacities. It is noted that the for 
reduced shear stiffness the appearance of first crack changed from interfacial crack to 
flexural crack at plate end. 
7.3.3 Fracture energy at interface (𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊) 
The brittleness of the section was directly influenced by fracture energy of interface. 
Increase in crack energy reduced the brittleness of the section as seen from the 
appearance of first crack (here interfacial crack at plate end). Figure 7.3 shows that 
higher fracture energy at interface would prevent debonding failure over peeling, but 
not the appearance of crack. The appearance of first crack remained as interfacial 
crack at plate end. The first mode of complete failure remained unaffected with 
debonding at plate end until peeling for relatively higher value of fracture energy of 
0.084 N/mm. 
7.3.4 Adhesive thickness (𝒕𝑲) 
Increase in adhesive thickness slightly increased the brittleness of the beam. The 
appearance of first type of crack was noted at plate end as interfacial crack for 1 mm 
and 3 mm adhesive and flexural crack for 5 mm and 7 mm of adhesive thickness. In 
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addition, for higher thicknesses of 5mm and 7 mm the interfacial crack at plate end 
did not form. Table 7 - 4 indicates that the load of appearance of debonding crack at 
plate end increased slightly with the increase in adhesive thickness. Whereas, the load 
of appearance of flexural crack at plate end remained unaffected at 100 kN for 1 mm 
and 3 mm thick adhesive, but decreased slightly for thicker options of 5 mm and 7 
mm. 
7.3.5 Shear span-to-depth ratio (𝒊/𝒅) 
Changing 𝑖/𝑑 ratio did not affect the brittleness of the section until relatively high 
𝑖/𝑑 ratio of 4.77, at which four-point bending problem converged to a three-point 
bending problem. This behaviour is witnessed through the appearance of debonding 
crack originating from mid-span at relatively lower fraction of loads for the 
corresponding ultimate capacities. In addition, beams capturing debonding crack at 
mid-span eventually observed yielded of plate at mid-span for given range of 𝑖/𝑑 
ratio. Interfacial crack at plate end determined the brittleness of the beam for all cases, 
except for low 𝑖/𝑑 ratio of 1.36 where a flexural crack appeared simultaneously at 
plate end. Table 7 - 5 indicates that the percentage load of appearance of debonding 
and flexural crack at plate end remained unaffected at around 69% and 74% 
respectively except for the case with low 𝑖/𝑑  ratio of 1.36 where flexural crack 
appeared at 70%. For larger 𝑖/𝑑  ratios of 4.09 and 4.77, the percentage load of 
appearance of interfacial crack at mid-span and yielding was largely affected. Such 
load percentages were found to be 82% and 61% for interfacial crack at mid-span, and 
96% and 85% for plate yielding with 𝑖/𝑑  ratio of 4.09 and 4.77 respectively. 
However, the formation of debonding cracks at mid-span did not result in complete 
debonding. 
7.3.6 Plate width-to-thickness ratio (𝒃𝒃 𝒕𝒃⁄ ) 
It can be seen from Figure 7.6 that the brittleness of the failing beam is judged against 
the appearance of interfacial crack at plate end for the given range of ratios. The 
decrease in 𝑏𝑝 𝑏𝑝⁄  ratio slightly elevated the brittleness of the section. The appearance 
of second crack was flexural crack at plate end, whose percentage load of appearance 
slightly decreased with increasing 𝑏𝑝 𝑏𝑝⁄  ratio. The load of appearance of interfacial 
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crack at plate end was relatively reduced for ratio of -36%, 0% and 300%.The load of 
formation of flexural crack and ultimate capacity remained unaffected. 
7.3.7 Tensile strength for concrete (𝑮𝒕𝑮) 
The brittleness of the beam increased significantly with the increase in the value 
of  𝐺𝑡𝑐. It is found that the premature crack appeared at around 61% (interfacial crack 
at plate end) of its ultimate capacity as compared to 69% (flexural crack at plate end) 
for control case. Certainly, this indicates an earlier warning through the formation of 
premature crack prior to beam failing at ultimate capacity. With the decrease in ftc by 
0.87 MPa (= - 3%), the ultimate capacity is significantly reduced by 14%, and the 
beam failed at 115 kN (ultimate capacity) relative to 134 kN for control beam having ftc of 2.87 MPa (= 10% 𝐺𝑐′). 
7.3.8 Fracture energy for covercrete (𝑮𝑮𝑮_𝑮𝒄𝒄𝒊𝒊𝑮𝒊𝒊𝒕𝒊) 
The increase in crack energy reduced the brittleness of the beam to certain extent. The 
brittleness is higher for values lower than 0.1 N/mm, while little variation is seen for 
higher values. The overall effect on the appearance of both types of cracks is identical 
(see Figure 7.8). 
7.3.9 Normal stiffness of adhesive at interface (𝑲𝑲𝑲) 
Increase in the normal stiffness of adhesive reduced the brittleness of the beam. The 
appearance of first crack remained the interfacial crack at plate end. 
7.3.10 Normal strength of interface (𝒕𝒕° ) 
A decrease in normal strength at interface reduced the brittleness of the beam. The 
appearance of first crack remained interfacial crack at plate end. Table 7 - 10 indicates 
that the load of appearance of debonding and flexural cracks at plate end decreased 
significantly with the reduction in normal strength of adhesive. It can be seen from 
Figure 7.10 that if the normal strength of interface is taken as 50% and 25% of shear 
strength (of 2.87 MPa at control value), the debonding crack at plate end appeared at 
43.7% and 31% of the ultimate capacity of corresponding beams as compared to 69.4% 
for control case. Certainly, it indicates an earlier crack formation with increased in 
strength prior to beam failing prematurely at ultimate capacity. 
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7.3.11 Plate thickness (𝒕𝒃) 
Increase in plate thickness slightly decreased the brittleness of the beam. Table 7 - 11 
indicates that the load of appearance of interfacial crack and flexural crack at plate 
end slightly decreased with the increase in plate thickness. The appearance of first 
crack changed to interfacial and flexural crack appearing simultaneously from 
interfacial-only crack for control case. Yielding was achieved as first mode of 
complete failure for 3 mm and 2 mm plates. For plate thickness of 2 mm, the 
debonding and flexural cracks at plate end appear simultaneously with plate yielding 
at mid-span. A relatively maximum portion of ultimate load in yielding is achieved 
with plate thickness of 3 mm. 
7.2.12 Plate length in shear-span to sectional-depth ratio (𝒍𝒃𝒕/𝑫) 
Reduction in plate length reduced the brittleness of the beam. The appearance of first 
crack is altered from interfacial crack to flexural crack at plate end for reduced  𝑙𝑝𝑠/𝐷 
ratio. It can be seen from Figure 7.12 that if   𝑙𝑝𝑠/𝐷 ratio is reduced to 2, 1 and 0, the 
flexural crack at plate end appeared relatively earlier at .31%, 14% and 9.5% of the 
ultimate capacity for the corresponding beams. 
After the analytical observations on the behaviour of beam due to different types of 
parameters, the main conclusions are drawn in the following Chapter and the 
possibilities extend the study are also indicated. 
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C h a p t e r  8 :  C o n c l u s i o n s  a n d  F u t u r e  
w o r k  
8.1 Conclusions 
At the validation stage of the development of FE model, a wide range of literature is 
considered to cover general aspects of any plated beam in terms of controllable, 
existing and local parameters; while the accuracy of the model has been presented in 
relevant section(s). The accuracy of the model is presented to highlight the areas of 
concern related to a prematurely failing beam largely in terms of modes of failure and 
critical regions, and the overall behaviour of the beam. Parametric studies were 
conducted within the practical range of different material and geometrical parameters 
to contribute towards the available literature and to highlight an overall dependency of 
failure modes on wider number of beam parameters. This resulted into new findings 
of highly practical significance. To enable such an investigation the theoretical and 
numerical models are developed in this study. The theoretical methods include the 
models to determine the flexural capacity of beam and behaviour of flexural crack at 
any given load both using bisection rule. 
Theoretical behaviour of flexural crack, such as average crack height and width are in 
close agreement with the test literature and results obtained through FE model. 
A Cohesive Zone Model (CZM) has been applied into a numerical model with a novel 
approach to represent properties of both adhesive and crack. The capability of 
computationally efficient FE model to achieve multiple failure modes in sequence and 
the overall behaviour have been clearly demonstrated and validated in relevant 
sections. Such modes of failures include both premature and at theoretical capacity: 
debonding at plate end propagating inwards, debonding at mid-span propagating 
outwards, debonding at shear span propagating outwards, peeling, diagonal tension 
crack, flexural intermediate cracks within span, plate yielding, rebar yielding and 
compression capacity. However among these, the regions of critical importance 
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(based on observations of location of failure modes) along the length of section lie at 
plate end and mid-span and have been outlined in the following Figure 8.1. 
 
 
Figure 8.1 Critical locations for modes of failure: 1) Yielding of steel and 
Debonding, 2) Peeling and Debonding 
Applying the ‘Traction Approach Failure Criteria’ for the cohesive elements (CZM) 
was helpful in capturing debonding modes of failures and their propagation in line 
with the literature. Such an approach was helpful in categorising failures at interface 
separately from failures due to flexural cracks. It was possible to identify that the 
behaviour and governing factors for debonding at plate end and peeling are different. 
Not only this, such an approach laid the foundation to study the FE model further for 
the properties of adhesive in different modes (mode-II and I) or direction (transverse 
and normal) and thus study adhesive as an independent component than the 
surrounding covercrete and plate. Such an approach proved useful for simulation 
purposes when there is clear lack of data concerning interface failure particularly in 
transverse direction. 
After the validation studies it was necessary to investigate the problem further through 
capturing the behaviour of cracks at an investigative level and via extensive 
parametric studies. Altogether such approaches are important in order to propose an 
understanding and thus suggest a solution to mitigate the influences of premature 
failure modes. Clear observations were found to realise and determine the relationship 
of beam properties with particular mode of failure. Overall, it can be argued that 
premature failures at plate end are more critical to sudden failure of beam than 
debonding at mid-span. While among the failures at plate end are peeling (leading to 
covercrete rip-off) and debonding (plate separation). It was realised that for beams 
where the failure(s) at plate-end was bound to happen, it was important to determine 
1 2 
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the gap between the appearance of crack prior to failure and capacity of beam affected 
by varying parameter(s). However, to justify such observations, a deeper investigation 
was required into failure modes and the parametric influences. The numerical model 
was studied for shear-span-to-depth ratio, and large number of geometrical and 
material within the practical ranges. The results were analysed here and conclusions 
were drawn over the relative effectiveness of each parameter. These helped in 
understanding and predict how a parameter controls different modes of failure relative 
to the final capacity of beam. 
One of the most important factors in the externally bonded plated beams was the 
development of high peeling and shear stresses at the location of plate curtailment 
which under certain combinations of plate geometry and other parameters can lead to 
a highly brittle mode of failure. It was found out that debonding was relatively 
convenient to control than peeling. Peeling failures is characterized by the formation 
of a horizontal crack originating in the form of a flexural crack from the point of plate 
curtailment and which traverses below the level of internal reinforcement to merge 
with highly stressed flexural cracks leading to a brittle failure. This failure is referred 
to as peeling or rip-off failure and is unavoidable; however the sequence of failure 
modes can be controlled. A mode of failure along the adhesive interface causes plate 
debonding at locations such as mid-span, plate end and shear span. Unlike 
traditionally debonding was understood to propagate within a thin layer of concrete 
adjacent to adhesive-covercrete interface, in present study it was identified that 
debonding can be controlled to initiate and propagate either within the layer of 
concrete or adhesive depending upon the relative properties of the two components. 
Tension diagonal crack also originates from plate end or near support and propagate 
towards the point load. A complete diagonal failure may also be a result of lower 
shear capacity of the section; however numerical model was validated to be 
equivalent to beam that is sufficiently reinforced in shear. In addition to the explosive 
rip-off failure and debonding failure, plated R. C beams can also fail in a ductile mode 
of flexural in which internal and external reinforcement yield prior to failure and there 
may also be a failure by reaching the capacity of concrete in the compression zone. 
Such failures are not considered premature failure as they represent the theoretical 
capacity of section, and are most likely to occur at the load corresponding to flexural 
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failure is less than that required to initiate premature failure. It was now depending on 
the rate of propagation of premature failure, the sequence of modes of failure was 
determined. 
The work highlights the overall importance of each parameter based on its influence 
on formation of different types of failure, load of cracking and brittleness of beam 
failing prematurely, and ultimate capacity. The general points of observations and 
new findings are outlined below: 
- Geometrical and material properties of all the components of adhesively plated 
beam can be studied though the FE model 
- CZM can be used to define bulk material 
- This thesis presents the FE model’s capability to capture multiple modes of 
failures, and their sequential accurary 
- The location of crack formation at soffit and its propagation can be arrested 
through the FE model for wide range of parameters considered in present work 
- Behaviour of cracks is mutually affected. For example, flexural cracks are 
responsible to generate interfacial stresses 
- The load of formation and distribution of flexural cracks can be controlled 
- This study quantifies (shows case-sensitivity) of failures over wide parameters 
o In fact, debonding can be more catastrophic than peeling (e.g. effect of 
𝑏𝑝). Therefore, all modes of premature failure needs equal attention. 
However, debonding is relatively easy to control through controllable 
parameters 
- Interfacial crack and debonding failure can be avoided. The load of formation 
and failure of such cracks can be altered 
- Debonding: The following controllable parameters makes debonding a 
desirable mode of failure over other modes of premature failures 
o Control safety: Debonding is relatively easier to control over peeling 
using controllable parameters listed in Section 2.3.1. Relative to other 
modes of failure, debonding can be controlled to transform its 
propagation from brittle to ductile 
o Control location: Debonding can be controlled to happen outside 
concrete, that is without damaging concrete of the main beam, while 
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the damaged material (adhesive in this study) shows areas of beam that 
need attention and then can be replaced (as it is primary/controllable 
component) 
o Control crack interdependency: Particularly at mid-span where the 
interfacial stresses are negligible, where the flexural cracks happen to 
propagate to cause interfacial cracks, the adhesive properties can be 
designed to mitigate this interdependency 
- Flexural crack(s) at mid-span: 
o Debonding at mid-span happens due to the formation and propagation 
of large flexural cracks in the region. For example, with the use of 
thinner plate, interface-shear-cracks at mid-span are largely evident 
than in shear-span due to larger flexural cracks at mid-span. It is due to 
reduced external restraint of plate-reinforcement and increased mid-
span deflection. This is why with the use of thinner plates, the 
debonding starts at mid-span rather than in areas of high shear stresses 
(which is, shear span) 
o Localised yielding, usually underneath point load(s), is a direct 
consequence of the propagation of flexural crack (FC) 
- Peeling: 
o Unless the material properties of covercrete are controlled, peeling is 
unavoidable even after yielding of steel is achieved with increased 
loading. This also shows that peeling will occur with increased 
deflection of mid-span. However, its relative sequence to other modes 
of failure can be altered, that is, peeling failure may not necessarily be 
first mode of failure. The load to cause peeling failure can be 
controlled 
- Contradictions with following literatures: 
o In contradiction to Macdonald and Calder (1982), keeping cross-
sectional area of the plate constant, 𝑏𝑝 𝑏𝑝�  didn’t effect mode of failure in 
the present work 
o Increased 𝑏𝑝 may reduce longitudinal strains and interfacial stresses along the 
length of the plate as stated by Raoof et al. (2000); however, after careful 
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observation it is noticed that such behaviour is not valid for the full length of 
the plate. As seen in Figure 6.27, that in contrary, the longitudinal strains and 
interfacial stresses at plate end increase with the increase in plate thickness 
The adoption of CZM in the form of proposed model (in Chapter 3) has made it 
possible to use CZM for dual purposes, which are to define adhesive and crack. It is 
unlike the way CZM has been used in literature solely to model a crack. In addition 
the method of defining the initial stiffness for the CZM has been changed and 
identified as a material property of adhesive; therefore, eliminating the need to assume 
a high arbitrary value to define its initial stiffness. With this combination to be able to 
define both a bulk material and a crack, it is now possible that the location of 
formation and the behaviour of interfacial crack can now simply be controlled through 
the choice of geometrical/material properties of adhesive. And it is now known that 
the debonding crack forms and thus propagates within the weakest component of 
critical region that is experiencing increased concentration of stresses. Based on the 
presented approach of FE modelling of an adhesively plated RC beam, the new 
findings can be outlined in terms of qualitative and quantitative observations as 
follows. 
8.1.1 Qualitative conclusions 
The critical influences of each parameter are briefed below, and they have been listed 
at the end of this section based on their relative qualitative influence on beam. 
1- Shear Strength at interface (termed as 𝑏𝑠°): 
- It largely affects the formation of interfacial cracks. 
- Lower values reduce the brittleness of premature failure and affect the ultimate 
capacity in debonding. 
- Lower values result in the appearance of interfacial cracks at relatively lower 
stresses (load) along the plate length, thereby causing larger area being 
damaged. 
- Affects the appearance of flexural crack at plate end. 
2- Shear Stiffness of adhesive at interface (𝐾𝑔𝑔 ): It largely affects the 
formation of interfacial cracks. Lower values increase the brittleness through 
the appearance of interfacial crack. However, the choice of lower value 
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reduces the failure load at complete debonding if it is first mode of complete 
failure. Increased shear stiffness of interface improves the redistribution of 
flexural cracks. 
3- Fracture Energy at interface (𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 ): It largely affects debonding 
mode of failure. Depending on the increase in fracture energy, the load of 
failure though debonding is either increased or such failure is avoided for 
higher values. A slight increase in the fracture energy increases the ultimate 
capacity at premature failure. 
4- Adhesive thickness ( 𝑏𝑔 ): Effects debonding mode of failure. Increased 
adhesive thickness increases load of formation of interfacial crack or 
completely avoids. Slightly affects the ultimate capacity. 
5- Shear span-to-Depth ratio (𝑖/𝑑 ratio): It largely affects the modes of failure 
and load-deflection behaviour of the beam. Higher ratio promotes yielding, 
however it may not improve the capacity of beam at first mode of complete 
premature failure. 
6- Plate width-to-Thickness ration (𝑏𝑠 𝑏𝑠⁄ ): Lower ratio promotes formation of 
interfacial cracks and debonding failure. Slightly increases ultimate capacity. 
7- Tensile Strength for Concrete (𝐺𝑡𝑐 ): It largely affects the appearance of 
flexural cracks, peeling load and ultimate capacity. Significantly effects 
interfacial cracks and debonding mainly due to early formation of flexural 
crack for lower strengths. 
8- Fracture Energy for Covercrete (𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒): Directly influences stress 
redistribution and flexural cracks. Higher values increase the smeared 
distribution of strains more uniformly. Although, it cannot prevent stress 
concentrations at plate-end due to geometric non-uniformities, however the 
choice of higher value delays such stress concentrations to certain extent due 
to improved stress redistribution. Ultimate capacity in premature failure 
decreases with lower values; however for higher value the increase in capacity 
is limited to a maximum value. Choice of higher values avoids debonding 
failure. Lower values increase brittleness of premature failure. 
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9- Normal Stiffness of adhesive at interface (𝐾𝑔𝑔): Effects load of formation of 
debonding cracks and slightly the ultimate capacity. Lower values increase the 
brittleness of failure. 
10- Normal Strength for interface (𝑏𝑛° ): As the rate of stress development in 
normal direction is slower than in transverse direction, the choice of lower 
normal strength effects the formation of interfacial cracks and debonding. 
Significantly affects the appearance of flexural crack at plate ends, and so the 
ultimate capacity due to peeling. Load of appearance of debonding and 
flexural cracks decreases for lower values. Ultimate capacity reduces 
significantly for relatively lower normal strength. Brittleness reduces for lower 
values judged against the appearance of interfacial cracks. 
11- Plate Thickness (𝑏𝑝): It largely influences the first mode of failure mainly as 
debonding or yielding, ultimate capacity, load of formation of flexural and 
interfacial cracks. Thinner plate promotes yielding, increases load of 
appearance of cracks (interfacial and flexural), increases ultimate load in 
premature failure. With thicker plate (≥ 4 mm in present study) the load of 
appearance of debonding crack remains same and the first mode of failure 
remains same. Increases the overall stiffness of section for thicker plate. 
12- Plate length in shear-span to sectional-depth ratio (𝑙𝑝𝑠/𝐷): Significantly 
affects load of appearance of flexural crack at plate end. Promotes peeling for 
shorter plate length. Significantly reduces ultimate capacity mainly due to 
peeling at lower loads. 
The points outlined above signify the importance of each parameter. Therefore, the 
parameters can be grouped and arranged in sequence of their reducing importance into 
four groups as below: 
a) Plate length in shear-span to sectional-depth ratio; tensile strength for concrete; 
shear span-to-depth ratio; plate thickness 
b) Shear strength of interface; shear stiffness of interface; interface fracture 
energy; fracture energy of covercrete (in tension) 
c) Normal strength of interface; normal stiffness of interface 
d) Adhesive thickness; plate width-to-thickness ratio. 
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However, to establish clear observations on the relative/individual influence(s) of 
each parameter on the overall performance of the beam, the conclusions based on the 
quantitative observations are drawn next. 
8.1.2 Quantitative conclusions 
The general observations of critical importance on the range and values of parameters 
are noted as follows. 
- 𝑏𝑔 : The range of ]3, 5[ mm achieves peeling failure and debonding failure 
respectively. 
- 𝐾𝑔𝑔 > 1 GPa/mm: 
o Has relatively negligible effect on E11Cover, E11Mid, S12Mid 
o Relatively softer range leads to interfacial cracks at mid-span by allowing for 
larger opening of flexural cracks in its surroundings. 
- 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 > 0.1 N/mm: 
o Has negligible effect on the ultimate capacity, strain distribution and failure 
brittleness. 
o Avoids peeling 
o Increases the capacity in debonding to limited extent 
- 𝑖 𝑑�  ≈ 4.09 achieves a maximum capacity in flexure 
In addition, the critical influence(s) of each parameter can be drawn through a 
sensitivity analysis carried out in Chapter 7 as briefed below based on their 
relative qualitative influence(s) on the beam seen in terms of Positive contribution 
criterion. Positive contribution is seen in terms of improving both the ultimate-
capacity of beam and crack(s)-brittleness. Positive contributions are considered 
towards both types of premature cracks (peeling and debonding) unless stated 
towards a specific crack type. 
o 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒: Inceresed value has a +ve contribution until 0.1 N/mm, after 
this value no change is observed 
o 𝑏𝑝 𝑏𝑝� : A very high ratio of 150 (for 2 mm thick plate) gives +ve contribution 
towards debonding 
o 𝑖 𝑑� : For very low ratio of 1.36, it reduces the peeling-brittleness via 
improving the ultimate capacity for the beam 
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o 𝑏𝑔: Increased value improves crack (peeling)-brittleness and ultimate capacity 
until 5 mm, than reduces afterwards 
o 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒: increasing gives +ve contribution towards ultimate capacity 
o 𝐾𝑔𝑔 and 𝐾𝑔𝑔: increasing the values give +ve contribution towards debonding 
o 𝑏𝑠 and 𝑏𝑛: Lower values improve crack-brittleness. Relatively lower values 
significantly reduces ultimate capacity 
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8.2 Future work 
Basic FE modelling and methodologies have been introduced and modified to fit the 
nature of the problem leading to fairly fulfil the aims and objectives of the research. 
At the end of the study it is discovered that different parameters play distinguished 
roles from each other over controlling the behaviour of beam. Therefore, in order to 
evaluate the behaviour of plated beam dependent on the role of wide range of 
parameters, the current problem can be extended to propose a multiparametric 
correction equation to the theoretical capacity of the beam. In addition, in line with 
the methodology adopted in this study to investigate modes of failure and effecting 
parameters, the problem can be extended to consider the environmental factors, such 
as thermal and moisture, into the behaviour of adhesive. In addition, the effect of end 
anchorage(s) can be investigated on the development of stresses. The numerical 
model can be extended to a 3-D model to investigate the role of bolts in stress 
distribution across the width of the beam and at interfaces. 
From this study, it is now known and presented that the cohesive elements (CZM) can 
take the properties of adhesive and will represent the failure at weaker interface and 
its further propagation. Therefore, the present problem of plated beams can be 
extended to cover bolts along the plate. 
 
 
 
Figure 8.2: Conceptual representation for future work 
In case of anchorage bolts, the interface of bolts and concretes is an embedded adhesive. 
Therefore, such an interface can be designed using cohesive elements using traction 
separation approach where the problem may need to be extended into 3-Dimensions for 
increased accuracy if needed. Such work can then be validated with available literature. 
Study on stresses 
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Studying the stress variations due to bolt(s), as shown in Figure 8.2, can then be used to 
mitigate the several failure possibilities. 
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Appendix A: Theoretical capacity of bilinear material 
 
 
 
 
 
 
 
 
 
Figure A.1 Bilinear material behaviour with softening and/or hardening 
𝐾1 = 𝐸1𝜖1 and 𝐾𝑡 = 𝐸1𝜖1 + 𝐸𝑡(𝜖𝑡 − 𝜖1)   A.1 
𝐾2 = 𝐸2𝜖2 and 𝐾𝑏 = 𝐸2𝜖2 + 𝐸𝑏(𝜖𝑏 − 𝜖2)   A.2 
 
Figure A.2 Section with softening and/or hardening 
Bisection rule is shown as: 
k = 𝜖𝑡/y       A.3 
𝐻1 = 𝑦𝜖𝑐 𝜖1       A.4 
For the given material properties, the instantaneous load and maximum capacity of the 
section (and depth of neutral axis) can be calculated by equating the moments 
generated by compression (top block) and tension (bottom block) zones. 
Total Moment = Moment carried by top block + Moment carried by bottom block 
+ 
_ 
𝐻1 
𝑦 
𝐾𝑡 
𝐾1 
𝐾2 
𝐾𝑏 
𝜖𝑡 
𝜖1 
𝜖2 
𝜖𝑏 
N.A. 
𝜖𝑡 𝜖1 
𝜖2 𝜖𝑏 
𝐾𝑡 
𝐾1 
𝐾2 
𝐾𝑏 
Compression 
Tension 
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Moment carried by the top block = Moment of triangle (𝑀∆) + Moment of trapezoid 
(𝑀▭) = Area of first triangle (𝐴∆) x height of centroid + Area of trapezoid (𝐴▭) x 
height of centroid 
Area of trapezoid x height of centroid = Area of square (𝐴∎) x height of centroid ± 
Area of triangle (𝐴∆) x height of centroid 
𝑀∆ =  𝐴∆ 23𝐻1 = �12 𝐾1 𝜖1𝑘 � �23 𝜖1𝑘 �    A.5 
𝑀▭ = 𝐴∎ �𝐻1 + �𝑦−𝐻12 �� ± 𝐴∆ �𝐻1 + 23 (𝑦 − 𝐻1)� = �𝐾1 1𝑘 (𝜖𝑡 − 𝜖1)� �𝜖1𝑘 +
1
2𝑘
(𝜖𝑡 − 𝜖1)� ± �12 (𝐾𝑡 − 𝐾1) 1𝑘 (𝜖𝑡 − 𝜖1)� �𝜖1𝑘 + 23 1𝑘 (𝜖𝑡 − 𝜖1)�  
        A.6 
The factor “(𝐾𝑡 − 𝐾1)” in green colour will adjust the required sign “±” according to 
hardening or softening behaviour as: 
If, 𝐾𝑡 > 𝐾1, area of triangle (𝐴∆) will be added “+” to the area of square (𝐴∎) to 
calculate total moment; 
If, 𝐾𝑡 < 𝐾1, area of triangle (𝐴∆) will be subtracted “−”from the area of square (𝐴∎) 
to calculate total moment. 
In the above equations, the values of 𝜖1, 𝜖𝑡,𝐾1𝑖𝑡𝑑 𝐾𝑡  can be replaced with 
𝜖2, 𝜖𝑏 ,𝐾2𝑖𝑡𝑑 𝐾𝑏 to obtain moment carried by bottom block (tension zone). 
The values of 𝐾1 , 𝐾𝑡 , 𝐾2  and 𝐾𝑏  can be substituted as described before in terms of 
moduli and strains as the known variables. This gives: 
𝑀∆ =  𝐴∆ 23𝐻1 = �12 𝐸1𝜖1 𝜖1𝑘 � �23 𝜖1𝑘 �    A.7 
𝑀▭ = 𝐴∎ �𝐻1 + �𝑦−𝐻12 �� ± 𝐴∆ �𝐻1 + 23 (𝑦 − 𝐻1)� = �𝐸1𝜖1 1𝑘 (𝜖𝑡 − 𝜖1)� �𝜖1𝑘 +
1
2𝑘
(𝜖𝑡 − 𝜖1)� ± �12 �±𝐸𝑡 ∗ │𝜖𝑡 − 𝜖1│� 1𝑘 (𝜖𝑡 − 𝜖1)� �𝜖1𝑘 + 23 1𝑘 (𝜖𝑡 − 𝜖1)� 
        A.8 
The value of ±𝐸𝑡 will take care of the sign (±) in above expression. 
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Appendix B: Theoretically simplified compression concrete 
Initially for compression concrete a quadratic curve is assumed as 
𝐾 = 𝐴𝜖2 + 𝐵𝜖 + 𝐶      B.1 
Where A, B and C are the coefficients. 
As the curve meets origin (that is, at 𝜖 = 0,𝐾 = 0), C becomes zero (C = 0). 
The relation tends to become: 
𝐾𝑝𝑚𝑓𝑚𝑏𝑜𝑐𝑚 = 𝐴𝜖2 + 𝐵𝜖     B.2 
To satisfy the above equation at the beginning of the peak of plateau (𝜖𝑜 ,𝐺𝑐′): 
𝐴 = − 𝑓𝑐′
𝜖𝑜
2 and 𝐵 = 2 𝑓𝑐′𝜖𝑜      B.3 
For a 5-step simplified model, the linear equation can be assumed as: 
𝐾𝑐𝑐𝑛𝑒𝑚𝑓 = 𝐷𝜖 + 𝐹      B.4 
At origin (0,0), F=0; the linear equation tends to become: 
𝐾𝑐𝑐𝑛𝑒𝑚𝑓 = 𝐷𝜖       B.5 
At first common point (𝜖1, 0.3𝐺𝑐′), parabolic and linear equations become: 
𝐴𝜖1
2 + 𝐵𝜖1 − 0.3𝐺𝑐′ = 0     B.6 0.3𝐺𝑐′ = 𝐷𝜖1       B.7 
The linear equation yields the value of coefficient 𝐷 to satisfy the linear equation at its 
point of termination origination from origin. 
𝐷 = 0.3𝑓𝑐′
𝜖1
       B.8 
With the use of standard quadratic equation: 
𝑥2 + 𝑏𝑥 + 𝐺 = 0;  𝑥 = −𝑏±√𝑏2−4𝑚𝑐
2𝑚
    B.9 
The solution for 𝜖1 can be evaluated as: 
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𝜖1 = −𝐵±�𝐵2−4𝐴�−0.3𝑓𝑐′�2𝐴      B.10 
Substituting the values for A and B: 
𝜖1 = 0.16𝜖𝑜 , 1.8𝜖𝑜      B.11 
Since, 𝜖1 < 𝜖𝑜 , 𝜖1 ≠ 1.8𝜖𝑜, this implies: 
𝜖1 = 0.16𝜖𝑜       B.12 
Only two (and not three) of the three variables (𝐾, 𝜖, 𝑐𝑖 𝐸) should be known (or 
assumed) to plot a parabola. 
If the compression stress (maximum at plateau, 𝐺𝑐′) and strain (at the beginning of 
plateau, 𝜖𝑜) are known, than 𝐸1 can be evaluated as: 
𝐸1 = 𝑓𝑐′𝜖1       B.13 
Substituting value for 𝜖1 in the above equation  
𝐸1 ≈ 2 𝑓𝑐′𝜖𝑜 = 𝐵       B.14 
This value of 𝐸1 should be compared with available literature for a given range. The 
reference (Jansen and Shah, 1997) is used for the purpose. Normally it is not possible 
to determine accurate initial modulus for concrete through tests and therefore usually 
its value is not provided in literature, in such cases the initial stiffness needs to be 
adjusted according to the initial stiffness for the section being simulated. 
If the compression stress at plateau (𝐺𝑐′) and initial modulus (𝐸1) is known, the 𝜖𝑜-
strain at the beginning of plateau can be evaluated from above using cross 
multiplication as: 
𝜖𝑜 = 2 𝑓𝑐′𝐹1       B.15 
This numerical value of 𝜖𝑜 obtained should be compared with available literature for a 
given range. 
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After adjusting the first point of 5-step solution at (𝜖1, 0.3𝐺𝑐′), the further steps (until 
the beginning of plateau (𝜖𝑜 ,𝐺𝑐′), that is, at the end of parabola) have been equally 
partitioned: 
𝜖𝑐 = 𝜖1 + (𝑖 − 1) 𝜖𝑜−𝜖14      B.16 
where 𝑖 = step number of 5-step material behaviour, at stress 𝐺𝑐′, 𝜖5 = 𝜖𝑜. The stress-
strain behaviour pass through origin. 
Stress is calculated using the quadratic equation at strains 𝜖𝑐  calculated (through 
equation B.16) at the end of each step from second step: 
𝐾𝑐 = �2 𝜖𝑐𝜖𝑜 − �𝜖𝑐𝜖𝑜�2� 𝐺𝑐′     B.17 
Where, 𝑖 (step number) > 1, with (for present case) 𝐾1 = 0.3𝐾5 and 𝐾5 = 𝐾𝑜=𝐺𝑐′ 
Abaqus-Plastic-Strain required as an input strain values, 
𝜖?̃?,𝑐𝑝𝑐 = 𝜖𝑐 − 𝑔𝑐𝐹1, where 𝑖 = step number.   B.18 
The changing modulus with each step, for a 5-step linear assumption of a parabola, 
can be evaluated as: 
𝐸𝑐 = (𝑔𝑐−𝑔𝑐−1)(𝜖𝑐−𝜖𝑐−1) , where 𝑖 (step number) > 1   B.19 
The values of changing modulus are required to evaluate the theoretical capacity of 
the section. 
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Appendix C: Theoretical properties of flexural crack 
The size of element affects the fracture energy as it is based on element width. It is 
represented in Figure C.1. 
 
 
 
 
 
 
 
 
 
 
Figure C.1 Discrete and smeared representation of crack(s) 
From Figure C.1, the crack energy per unit area is given as: 
𝐾𝑓𝑐 = ∫𝐾𝜎𝜖 = 0.5𝜖𝑜𝐺𝑡     C.1 
Since work done can be written as: 
𝑊 = ∫(𝐾𝐴)𝜎𝛿      C.2 
𝑊
𝐴
= 𝐺𝑓𝑐 = ∫𝐾𝜎𝛿      C.3 
Since, the average crack width can be given as: 
𝛿 = 𝜖𝑏        C.4 
Differentiating equation C.4 yields: 
𝜎𝛿 = 𝑏𝜎𝜖       C.5 
𝐺𝑓𝑐 = 𝑏 ∫𝐾𝜎𝜖       C.6 
In case of linear softening, 𝐺𝑓𝑐 can be evaluated by substituting area (equation C.1) in 
equation C.6: 
= 
𝜎𝛿 
𝜎𝜖 
𝑏 + 𝑏𝜎𝜖 𝑏 + 𝜎𝛿 
𝜎𝐾 𝜎𝐾 
𝑏 
Discrete 
 
Smeared 
 
𝛿 
= 
𝜖 
𝐺𝑡  𝐺𝑡  
𝐺𝑓𝑐 𝑏𝐾𝑓𝑐 
𝐾 𝐾 
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𝐺𝑓𝑐 = 𝐾𝑓𝑐𝑏 = 0.5𝜖𝑜𝐺𝑡𝑏     C.7 
In case 𝐺𝑓𝑐 is known or assumed, 𝜖𝑜 can be evaluated as follows: 
𝜖𝑜 = 2𝐺𝑓𝑐𝑓𝑐𝑏        C.8 
The actual size of crack band width 𝑏  depends on the selected element size, the 
element type, the element shape, the integration scheme and the problem type to be 
solved. The value of 𝜖𝑜 can be verified against the available literature. 
Area 𝐴 is the surface area of element observing resultant strain in a direction parallel 
to the stress applied over the length of element perpendicular to direction of resultant 
strain. It is noteworthy that in bending problems, unlike unidirectional loaded 
problems, the strains are not constant over the height of element. The values of strains 
vary across the height of element with extreme on outermost fibres (element sides 
parallel to direction of stress). As such, in bending problem it becomes rather crucial 
to observe the effect of height of element along with element width, it is because the 
crack propagates along the height of element due to varying strain along the height of 
element (such as the formation of flexural crack). Logically, for a constant 𝐺𝑓𝑐, if the 
height of an element is increased than relatively more work would be required to 
crack the element as the crack now has to be forced to propagate to an extra increased 
amount of height. This would result increase in overall stiffness of bending section. 
Therefore, the effect of element size with and without equal sides will be verified 
through the FE model later on in the study. 
Meanwhile, if the value of fracture energy 𝐺𝑓𝑐  in known (or assumed) for a given 
element width  𝑏 , the crack (flexural) height can be evaluated from the following 
derivations for a bending problem. Vice versa such an approach can also be used to 
determine the total fracture energy released at a particular crack height (that is, in this 
case crack height is assumed or known or calculated as follows). 
Using bisection rule: 
The average crack height is evaluated through the bisection rule using the value of 
theoretical depth of neutral axis. Later the concept of arbitrary crack or notch is used 
to determine the average height of notch and crack energies. 
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With the following approach the value of 𝑖∗ and 𝐺 can be determined. 
Assuming that plane remains plane in bending, and if the height of neutral axis 𝑦′ is 
known, the crack is propagated upwards in relation to: 
ℎ′ = 𝑦′ 𝜖′
𝜖𝑏
       C.9 
Where 𝜖𝑏  is the strain of bottom fibre at the time when the height of neutral axis 
was 𝑦′. 
Since, 𝜖′ = 𝛿′/𝑏 
ℎ′ = 𝛿′
𝑏
𝑦′
𝜖𝑏
       C.10 
Since, 𝑦
′
𝜖𝑏
= 𝑦
𝜖𝑜
, and since 𝑦
𝜖𝑜
= 1
𝑘
, this gives: 
ℎ′ = 𝛿′
𝑏
1
𝑘
       C.11 
At 𝛿𝑓, value of 𝑖∗ (crack extension) can be evaluated: 
𝑖∗ = 𝛿𝑓
𝑏
1
𝑘
       C.12 
And total crack as: 
𝐺 = 𝛿
𝑏
1
𝑘
        C.13 
The average height of notch is given as 𝑑`: 
𝑑` = 𝐺 − 𝑖∗ =  ∆𝛿
𝑏
1
𝑘
      C.14 
Where, ∆𝛿 = 𝛿 − 𝛿𝑓 = (Tensile strain at bottom fibre - Plastic failure strain for tensile 
concrete) x Element characteristic width. 
Since the element width 𝑏  is considered equal to maximum aggregate size in the 
present analysis, if the value of 𝐺  (equation C.13) matches with the experimental 
observation of crack length (at any value of loading) than it implies that the assumed 
value of 𝛿𝑓 is correct.  
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Using arbitrary notch: 
The concept of an arbitrary crack or notch required shifting the origin of displacement 
axis to the point of crack initiation at 𝛿𝑜 equal to zero (see Figure C.2(b)) in order to 
drive formulations solely in terms of crack. Figure C.2(a) corresponds to the material 
behaviour in Figure C.2(b). 
The value of 𝑖∗  can be determined by 
assuming an arbitrary notch, that 
is 𝛿 > 𝛿𝑓: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
(b) 
Figure C.2 Theoretical crack model (a) Representation for arbitrary notch, (b) 
Bilinear opening of crack mouth 
From Figure C.2(a), the crack opening in terms of crack angle can be obtained as: 
𝛿 = 2𝑑′ 𝑏𝑖𝑡 �𝜃
2
� + 𝛿𝑓     C.15 
Since, 
𝑏𝑖𝑡 �
𝜃
2
� = 𝛿𝑓/2
𝑚∗
      C.16 
This gives, 
𝛿 = �𝑐′
𝑚∗
+ 1� 𝛿𝑓      C.17 
Or, 
𝛿 
𝐺𝑡  
𝐺𝑓𝑐 
𝐾 
𝛿𝑓 𝛿𝑜 = 0 
Crack opening → 
𝛿′ 
𝐾′ 
𝛿′ 𝜃 
𝜃2 𝛿𝑓 
𝛿 
𝑖∗= crack extension 
𝑑′= 
 
𝐺
=𝑖∗ +
𝑑
′  
ℎ
′  
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𝑖∗ = 𝛿𝑓
𝛿
𝐺       C.18 
After the value of 𝑖∗ is calculated, the height of notch can be found by: 
𝑑′ = 𝐺 − 𝑖∗ = �1 − 𝛿𝑓
𝛿
� 𝐺     C.19 
From Figure C.2(b), the general equation for crack energy can be obtained as: 
𝐺𝑓𝑐
′ = 0.5(𝐺𝑡 + 𝐾′)𝛿𝑏      C.20 
Where, 
𝐾 = 𝐺(𝛿)       C.21 
Depending upon the relative value of 𝛿 with respect to 𝛿𝑓, three cases are possible 
according to equation C.19and equation C.20 as follows. 
Case I: 𝛿 < 𝛿𝑓 
𝑑′ is negative. This indicates notch does not form. 
𝐺𝑓𝑐
′ = 0.5(𝐺𝑡 + 𝐾′)𝛿′𝑏     C.22 
Case II: 𝛿 = 𝛿𝑓, lim𝛿′→𝛿𝑓 𝐺(𝛿) = 0 
𝑑′ is zero. 
𝑙𝑖𝑙𝛿′→𝛿𝑓 𝐺𝑓𝑐
′ (𝛿) = 𝐺𝑓𝑐 = 0.5𝐺𝑡𝛿𝑓𝑏    C.23 
Case III: 𝛿 > 𝛿𝑓, lim𝛿𝑓→𝛿 𝐺(𝛿) = 0 
𝑑′ is positive. This indicates that notch forms. 
𝑙𝑖𝑙𝛿𝑓→𝛿 𝐺𝑓𝑐
′ (𝛿) = 𝐺𝑓𝑐𝑔𝑓𝑜𝑠𝑠 = 0.5𝐺𝑡𝛿𝑏    C.24 
Or, the crack energy can also be represented in terms of crack length; since from 
equation C.18: 
𝛿 = 𝑐
𝑚∗
𝛿𝑓       C.25 
𝐺𝑓𝑐
𝑔𝑓𝑜𝑠𝑠 = 0.5𝐺𝑡 � 𝑐𝑚∗ 𝛿𝑓� 𝑏     C.26 
Therefore, the fracture energy for notch can be calculated as: 
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𝐺𝑓𝑐
𝑛𝑜𝑡𝑐ℎ = 𝐺𝑓𝑐𝑔𝑓𝑜𝑠𝑠 − 𝐺𝑓𝑐 = 0.5𝐺𝑡∆𝛿𝑏    C.27 
Where, ∆𝛿 = 𝛿 − 𝛿𝑓 =  (Tensile strain at bottom fibre - Plastic failure strain for 
tensile concrete) x Element characteristic width. 
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Appendix D: Figures 
Figures corresponding to material parameters 
1 Figures corresponding to the effects of 𝑲𝑲𝑲: 
 
Figure 5.14 Effect of 𝐾𝑔𝑔25%,50%,100%,&200% on S12Mid 
 
Figure 5.15 Effect of 𝐾𝑔𝑔25%,50%,100%,&200% on E11Mid 
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Figure 5.16 Effect of 𝐾𝑔𝑔25%,50%,100%,&200% on E11Cover on reaching same 
load 
 
Figure 5.17 Effect of 𝐾𝑔𝑔25%,50%,100%,&200% on relative load of appearance of 
debonding crack w.r.t. control beam 
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2 Figures corresponding to the effects of 𝐭𝐬° : 
 
Figure 5.18 Failure loads %age change versus 𝑏𝑠° %age change 
 
Figure 5.19 Effect of 𝑏𝑠° on S12End and S22End 
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Figure 5.20 Effect of 𝑏𝑠° on E11End 
3 Figures corresponding to the effects of 𝐭𝐧: 
 
Figure 5.21 Effect of 𝑏𝑛°  at S12End and S22End 
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4 Figures corresponding to the effects of 𝐆𝐟𝐟_𝐢𝐧𝐭𝐢𝐢𝐟𝐚𝐟𝐢: 
 
Figure 5.22 Effect of 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒25%,50%,100%,150% &200% on E11End 
 
Figure 5.23 Effect of 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒25%,50%,100%,150% &200% on relative variation 
of ultimate capacity and mid-span deflection of beam in %age 
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5 Figures corresponding to the effects of 𝐟𝐭𝐟: 
 
Figure 5.24 Effect of 𝐺𝑡𝑐 on E11End 
 
Figure 5.25 Effect of 𝐺𝑡𝑐 on E11Mid 
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Figure 5.26 Effect of 𝐺𝑡𝑐 on load vs. deflection of the beams 
6 Figures corresponding to the effects of 𝐆𝐟𝐟_𝐟𝐜𝐜𝐢𝐢𝐟𝐢𝐢𝐭𝐢: 
 
Figure 5.27 Effect of 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 on the development of S12End 
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Figure 5.28 Effect of 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 on the development of E11End 
 
Figure 5.29 Effect of 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 on the distribution of flexural strains over 
adhesive-covercrete interface 
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Figures corresponding to geometrical parameters 
1 Figures corresponding to the effects of 𝐭𝐟: 
 
Figure 6.1 Behaviour at critical regions for 𝑏𝑔=5mm 
 
Figure 6.2 Effect of adhesive thickness on S12End 
  
Appendix E: Tables 
241 
 
 
 
Figure 6.3 Effect of adhesive thickness on E11End 
 
Figure 6.4 Effect of adhesive thickness on the distribution flexural strains 
(E11) along bottom of covercrete at 100kN 
  
Flexural crack at plate-end 
Large flexural strain 
underneath point-load in 
tension concrete 
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2 Figures corresponding to the effects of 𝐚/𝐝 ratio: 
 
(a) 
 
(b) 
Figure 6.5 Appearance and propagation of debonding cracks at, (a) mid-span 
and (b) plate end, for 𝑖/𝑑 ratio of 4.77 
 
Figure 6.6 Behaviour of critical regions at 𝑖/𝑑 ratio of 4.77 
  
Arrows indicate direction of 
propagation of debonding cracks 
Debonding crack 
Debonding crack 
 
Debonding 
failure 
Plate yielding 
 Flexural crack 
 
Flexural crack 
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Figure 6.7 Behaviour of critical regions at 𝑖/𝑑 ratio of 4.09 
 
Figure 6.8 Behaviour of critical regions at 𝑖/𝑑 ratio of 2.27 
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Figure 6.9 Behaviour of critical regions at 𝑖/𝑑 ratio of 1.36 
 
 
(a) Longitudinal strain distribution 
 
(b) Arrow representation of longitudinal cracks (direction of arrow is perpendicular to the crack plane, i.e. arrow 
indicates direction of crack opening) 
Figure 6.10 Formation of tension diagonal crack for 𝑖/𝑑 ratio of 1.36 
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Figure 6.11 Development of transverse stress (S12End) at plate end interface 
with 𝑖/𝑑 ratio 
 
 
Figure 6.12 Development of transverse stress (S12Mid) at plate end interface 
with 𝑖/𝑑 ratio 
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Figure 6.13 Flexural strain development (E11PlateMid) in plate at mid-span 
with 𝑖/𝑑 ratio 
 
 
Figure 6.14 Flexural strain development (E11End) at plate end with 𝑖/𝑑 ratio 
  
Rebar yield 
Plate yield 
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Figure 6.15 Flexural strain development (E11Mid) at mid-span with 𝑖/𝑑 ratio 
 
Figure 6.16 Theoretical capacity, Numerical first failure and ultimate 
capacities vs. shear span to depth ratio 
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Figure 6.17 Flexural strain distribution along the adhesive-covercrete interface 
with 𝑖/𝑑 ratio at 100kN 
 
 
 
(a) Strain (b) Stress 
Figure 6.18 Longitudinal stress and strain distributions across sectional depth 
with 𝑖/𝑑 ratio at 100kN 
  
Top fibre 
Bottom fibre 
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Figure 6.19 Load vs. displacement behaviour with 𝑖/𝑑 ratio 
3 Figures corresponding to the effects of 𝐛𝐩 𝐭𝐩⁄  ratio: 
 
Figure 6.20 Percentage variation in load capacity at first failure for  𝑏𝑝 𝑏𝑝⁄  ratio w.r.t control beam 
  
Plate-end debonding for all cases 
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4 Figures corresponding to the effects of 𝐭𝐩: 
 
Figure 6.21 Behaviour at critical regions for  𝑏𝑝 of 2mm 
 
 
Figure 6.22 Development of transverse stress (S12End) at plate end interface 
with  𝑏𝑝 
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Figure 6.23 Development of transverse stress (S12Mid) at mid-span interface 
with  𝑏𝑝 
 
Figure 6.24 Development of longitudinal strain (E11PlateMid) at plate mid 
with  𝑏𝑝 
  
Rebar yielded 
Plate yielded 
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Figure 6.25 Development of flexural strain (E11Enid) at plate end with  𝑏𝑝 
 
Figure 6.26 Development of flexural strain (E11Mid) at the bottom of mid 
span with  𝑏𝑝 
  
Rebar yielded 
Plate yielded 
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Figure 6.27 Distribution of flexural strains (E11Cover) along covercrete with  𝑏𝑝 at 106kN 
 
 
Figure 6.28 Load vs. deflection behaviour with 𝑏𝑝 
  
Rebar yielded 
Plate yielded 
First Flexural crack 
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Figure 6.29 Variation in FEM capacities w.r.t theoretical capacities with  𝑏𝑝 
5 Figures corresponding to the effects of 𝐥𝐩𝐬/𝐃 ratio: 
 
Figure 6.30 Behaviour of critical regions at  𝑙𝑝𝑠/𝐷 ratio of 1 
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Figure 6.31 Development of transverse stress (S12End) at plate end interface 
with  𝑙𝑝𝑠/𝐷 ratio 
 
 
Figure 6.32 Development of flexural strain (E11End) at plate end covercrete 
with  𝑙𝑝𝑠/𝐷 ratio 
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Figure 6.33 Load vs. deflection behaviour with  𝑙𝑝𝑠/𝐷 ratio 
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Appendix E: Tables 
Tables corresponding to material parameters 
Table 5 - 2 Critical values for the effect of 𝐾𝑔𝑔 
Variable/Effect 𝑲𝑲𝑲= 991.4 MPa/mm 𝑲𝑲𝑲𝟐𝟐%= 247.9 MPa/mm 𝑲𝑲𝑲𝟐𝟓%= 495.7 MPa/mm 𝑲𝑲𝑲𝟐𝟓𝟓%=1982.8 MPa/mm 
First Crack Initiation Load(kN)/Mode of 
failure 
93/ Debonding at plate 
end 
113/ Plate end debonding 
 
108/ Debonding at plate 
end 
73/ Debonding at plate end 
Second Crack initiation Load(kN)/ Mode 
of failure 
(same as Ultimate 
failure) 
118/ Plate mid debonding (same as Ultimate 
failure) 
(same as Ultimate failure) 
First total failure Load(kN)/First Mode of 
failure 
128/ Plate end debonding 128.5/ Plate end debonding & peeling 128/ Debonding at plate 
end 
129.8/ Debonding at plate 
end 
Ultimate failure Load(kN)/Ultimate Mode 
of failure 
134/ Cover Peeling at 
plate end 
128.5/ Cover Peeling at plate end (3rd 
mode of failure) 
134/ Cover Peeling at 
plate end 
134/ Cover Peeling at plate 
end 
Sequence of Modes of failure from first to 
last 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
Plate end Debonding, Plate mid 
debonding, Peeling 
(S12End, S12Mid, E11End) 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
 
  
Appendix E: Tables 
258 
 
 
Table 5 -2 (…Cont.) Critical values for the effect of 𝐾𝑔𝑔 
Variable/Effect 𝑲𝑲𝑲=991.4 MPa/mm 𝑲𝑲𝑲𝟐𝟐%=247.9 MPa/mm 𝑲𝑲𝑲𝟐𝟓%=495.7 MPa/mm 𝑲𝑲𝑲𝟐𝟓𝟓%=1982.8 MPa/mm 
Cohesive Damage (%age)/Scope 100%/ PlateEnd 100%/ Plate end; 
20%/ Mid-span 
100%/ Plate end 100%/ Plate end 
Rebar Strain at mid-span for Ultimate load 0.00086 0.0008 0.00088 0.00086 
Plate Strain at mid-span for Ultimate load 0.0011225 0.00108 0.0011 0.0011 
Compression concrete strain at mid-span for Ultimate load 0.001 0.00096 0.001 0.001 
Tension concrete strain at mid-span for Ultimate load* 0.001 0.0027 0.0022 0.001 
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Table 5 - 3 Critical values for the effect of 𝑏𝑠° 
Variable/Effect 𝑏𝑠°=2 MPa 𝑏𝑠°50%=1 MPa 𝑏𝑠°200%=4 MPa 
Crack Initiation Load(kN)/ Mode of failure 93/S12End, 
100/E11End 
46/S12End 107/E11End 
First failure Load(kN)/ First Mode of failure 128/S12End 96.5/S12End 137/E11CoverEnd 
Ultimate failure Load(kN)/ Ultimate Mode of failure 134/E11CoverEnd Same as above Same as above 
Sequence of Modes of failure from first to last S12End, E11CoverEnd S12End E11CoverEnd 
Cohesive Damage (%age)/Scope 100/PlateEnd 78.82/Shear-Span 0 
Rebar Strain at mid-span for Ultimate load 0.00086 0.000578 0.00088 
Plate Strain at mid-span for Ultimate load 0.0011225 0.000755 0.001149 
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Table 5 - 4 Critical values for the effect of 𝑏𝑛°  
Variable/Effect 𝑏𝑛° =144% 𝑏𝑠°=2 MPa 𝑏𝑛° =25% 𝑏𝑠°=0.5 MPa 𝑏𝑛° =50% 𝑏𝑠°=1 MPa 
First Crack Initiation Load(kN)/Mode of 
failure 
93/ Debonding at plate end 38/ Debonding at plate end 59/ Debonding at plate end 
Second Crack initiation/ Mode of failure Interfacial crack at mid-span 92/ Flexural crack at plate end 96/ Flexural crack at plate end 
First total failure Load(kN)/ First Mode  128/ Plate end debonding 123/ Peeling 135/ Peeling 
Ultimate failure Load(kN)/ Ultimate Mode 134/ Cover Peeling at plate end (Same as above) (Same as above) 
Sequence of main Modes of failure from 
first to last 
 (S12End, E11End)  (E11End)  (E11End) 
Cohesive Damage (%age)/Scope 100%/ PlateEnd 97%/ Plate end 99%/ Plate end 
Plate Strain at mid-span for Ultimate load 0.0011225 0.001 0.0011 
Compression concrete strain at mid-span for 
Ultimate load 
0.001 0.0009 0.0010 
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Table 5 - 5 Critical values for the effect of 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 
Variable/Effect 𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊=0.042 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟐𝟐%=0.0105 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟐𝟓%=0.021 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟏𝟐𝟓%=0.063 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟐𝟓𝟓%=0.084 
MPa-mm 
n (tension softening 
coefficient) 
30 7.5 15 45 60 
First Crack Initiation Load 
(kN)/Mode of failure 
93/ Debonding at plate 
end 
93/ Plate end debonding 
 
93/ Debonding at plate 
end 
93/ Debonding at plate end 93/ Debonding at plate end 
First total failure Load 
(kN)/First Mode of failure 
128/ Plate end 
debonding 
(S12End) 
117.6/ Plate end 
debonding 
(S12End) 
123/ Debonding at plate 
end 
(S12End) 
132/ Peeling 
(E11End) 
133/ Peeling 
(E11End) 
Ultimate failure Load 
(kN)/Mid-span Deflection 
(mm)/Ultimate Mode of 
failure 
134/ 4.35/ Cover 
Peeling at plate end 
(E11End) 
131/ 4.2/ Cover Peeling at 
plate end 
(E11End) 
132/ 4.26/ Cover Peeling 
at plate end 
(E11End) 
136/ 4.4/ Peeling, 
Debonding at plate end 
(S12End, E11End) 
137.6/ 4.5/ Peeling, 
Debonding at plate end 
(S12End, E11End) 
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Table 5 - 5 (…Cont.) Critical values for the effect of 𝐺𝑓𝑐_𝑐𝑛𝑡𝑒𝑓𝑓𝑚𝑐𝑒 
Variable/Effect 𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊=0.042 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟐𝟐%=0.0105 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟐𝟓%=0.021 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟏𝟐𝟓%=0.063 
MPa-mm 
𝑮𝑮𝑮_𝒊𝒕𝒕𝒊𝒊𝑮𝒊𝑮𝒊𝟐𝟓𝟓%=0.084 
MPa-mm 
n (tension softening coefficient) 30 7.5 15 45 60 
Sequence of main Modes of 
failure from first to last 
Plate end Debonding, 
Peeling 
Plate end Debonding, 
Peeling 
Plate end Debonding, 
Peeling 
Peeling, Plate end 
Debonding 
Peeling, Plate end 
Debonding 
Cohesive Damage 
(%age)/Scope 
100%/ PlateEnd 100%/ Plate end 100%/ Plate end 100%/ Plate end 100%/ Plate end 
Rebar Strain at mid-span for 
Ultimate load 
0.00086 0.00083 0.000845 0.00087 0.00089 
Plate Strain at mid-span for 
Ultimate load 
0.0011225 0.00109 0.0011 0.00114 0.00115 
Compression concrete strain at 
mid-span for Ultimate load 
0.001 0.00098 0.00099 0.001 0.001 
Tension concrete strain at mid-
span for Ultimate load* 
0.00104 0.00101 0.00103 0.00107 0.00108 
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Table 5 - 6 Critical values for the effect of 𝐺𝑡𝑐 
Variable/Effect 𝐺𝑡𝑐=10% 𝐺𝑐
,= 2.87 MPa 𝐺𝑡𝑐=7% 𝐺𝑐,= 2 MPa 
First Crack Initiation Load (kN)/ Mode of failure 93/ Debonding at plate end 70/ Flexural crack Plate end 
 
Second Crack initiation/ Mode of failure Interfacial crack at mid-span 80/ Plate End Debonding crack 
First total failure Load (kN)/ First Mode of failure 128/ Plate end debonding 115/ Peeling 
Ultimate failure Load (kN)/ Ultimate Mode of failure 134/ Cover Peeling at plate end (Same as above) 
Sequence of main Modes of failure from first to last Plate end Debonding, Peeling 
(S12End, E11End) 
Peeling 
Cohesive Damage (%age)/ Scope 100%/ PlateEnd 60%/ Plate end 
Rebar Strain at mid-span for Ultimate load 0.00086 0.0007 
Plate Strain at mid-span for Ultimate load 0.0011225 0.00113 
Compression concrete strain at mid-span for Ultimate load 0.001 0.0009 
Tension concrete strain at mid-span for Ultimate load* 0.00104 0.00096 
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Table 5 - 7 Critical values for the effect of 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 
Variable/Effect 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=0.042 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=0.03 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=0.1 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 𝑏𝑝 𝑏𝑝⁄ =0.3 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=1 
N/mm 
First Crack Initiation Load 
(kN)/Mode of failure 
93/ Debonding at plate 
end 
93/ Debonding at plate 
end 
93/ Debonding at plate 
end 
93/ Debonding at plate end 93/ Debonding at 
plate end 
First total failure Load (kN)/ First 
Mode of failure 
128/ Plate end debonding 124/ Plate end debonding 139.6/ Peeling 138/ Peeling 138/ Peeling 
Ultimate failure Load (kN)/ 
Ultimate Mode of failure 
134/ Cover Peeling at 
plate end 
125/ Cover Peeling at 
plate end 
(Same as above) (Same as above) (Same as above) 
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Table 5 – 7 (…Cont.) Critical values for the effect of 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 
Variable/Effect 𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=0.042 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=0.03 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=0.1 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒 𝑏𝑝 𝑏𝑝⁄ =0.3 
N/mm 
𝐺𝑓𝑐_𝑐𝑜𝑎𝑒𝑓𝑐𝑓𝑒𝑡𝑒=1 
N/mm 
First Crack Initiation Load (kN)/Mode of 
failure 
93/ Debonding at 
plate end 
93/ Debonding at plate 
end 
93/ Debonding at 
plate end 
93/ Debonding at plate end 93/ Debonding at 
plate end 
Sequence of main Modes of failure from 
first to last 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
Peeling 
(E11End) 
Peeling 
(E11End) 
Peeling 
(E11End) 
Cohesive Damage (%age)/ Scope 100%/ PlateEnd 100%/ Plate end 98.7%/ Plate end 98%/ Plate end 97.9%/ Plate end 
  
Appendix E: Tables 
266 
 
 
Tables corresponding to geometrical parameters 
Table 6 - 1 Critical values for the effect of 𝑏𝑔 
Variable/Effect 𝑏𝑔 = 1 mm 𝑏𝑔 = 3 mm 𝑏𝑔 = 5 mm 𝑏𝑔 = 7 mm 
First Crack Initiation Load (kN)/ Mode of failure 93/ Debonding at plate end 95/ Plate end 
debonding 
 
98.5 / Peeling at plate end 97.5 / Peeling at 
plate end 
First total failure Load (kN)/ First Mode of failure 128/ Plate end debonding 127.4/ Plate end 
debonding 
132.5/ Peeling at plate end 131.8/ Peeling at 
plate end 
Ultimate failure Load (kN)/ Ultimate Mode of failure 134/ Cover Peeling at plate 
end 
132.4/ Cover Peeling 
at plate end 
(Same as above) (Same as above) 
Sequence of main Modes of failure from first to last Plate end Debonding, 
Peeling 
Plate end Debonding, 
Peeling 
Peeling Peeling 
Cohesive Damage (%age)/Scope 100%/ PlateEnd 100%/ Plate end 0% 0% 
Rebar Strain at mid-span for Ultimate load 0.00086 0.00084 0.000825 0.0008 
Plate Strain at mid-span for Ultimate load 0.0011225 0.0011 0.0011 0.00109 
Compression concrete strain at mid-span for Ultimate load 0.001 0.00098 0.00097 0.00095 
Tension concrete strain at mid-span for Ultimate load* 0.00104 0.00125 0.0011 0.00123 
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Table 6 - 2 Critical values for the effect of 𝑖/𝑑 ratio 
Variable/Effect 𝑖/𝑑 = 3.18 𝑖/𝑑 = 4.77 𝑖/𝑑 = 4.09 𝑖/𝑑 = 2.27 𝑖/𝑑 = 1.36 
First Crack Initiation 
Load (kN)/ Mode of 
failure 
93/ Debonding 
cracks appear at 
plate end 
82/ Debonding cracks appear 
at Mid-Span 
92/ Debonding cracks appear at plate 
end 
100/ Flexural cracks 
(responsible for peeling) 
appear at plate end 
100/ Debonding and 
flexural cracks appear 
at plate end 
Second Crack initiation/ 
Mode of failure 
Interfacial crack 
underneath point 
loads 
Debonding at plate end Flaxural crack at plate end (100 kN) 
and Debonding crack at mid-span 
(110 kN) (No complete debonding) 
Flaxural crack at plate 
end (100 kN) 
- 
First total failure 
Load(kN)/ First Mode 
of failure 
128/ Plate end 
debonding 
114/ Plate Yielding 128/ Plate Yielding, De-debonding at 
plate end 
136.5/ Peeling at plate 
end 
133/ Debonding at 
plate end 
Ultimate failure 
Load(kN)/ Ultimate 
Mode of failure 
134/ Cover 
Peeling at plate 
end 
134/ Peeling 133.9/ Peeling 133.5/ Peeling 143/ Peeling at plate 
end 
Sequence of main 
Modes of failure from 
first to last 
Plate end 
Debonding, 
Peeling 
(S12End, E11End) 
Plate yield at mid-span, Plate 
end Debonding, Rebar yield at 
mid-span, Peeling 
(E11PlateMid, S12End, 
E11RebarMid, E11End) 
Plate yielding at mid-span and plate 
Debonding at ends simultaneously, 
Peeling 
(E11PlateMid & S12End, E11End) 
Peeling 
(E11End) 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
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Table 6 - 2 (…Cont.) Critical values for the effect of 𝑖/𝑑 ratio 
Variable/Effect 𝑖/𝑑 = 3.18 𝑖/𝑑 = 4.77 𝑖/𝑑 = 4.09 𝑖/𝑑 = 2.27 𝑖/𝑑 = 1.36 
Cohesive Damage (%age)/ Scope 100%/ Plate end 100%/ Plate end 100%/ Plate end 0% 100%/ Plate end 
Rebar Strain at mid-span for Ultimate load 0.00086 0.003 0.0013 0.00066 0.0003 
Plate Strain at mid-span for Ultimate load 0.0011225 0.0049 0.0017 0.00086 0.00042 
Compression concrete strain at mid-span for Ultimate load 0.001 0.0067 0.0014 0.00077 0.0004 
Tension concrete strain at mid-span for Ultimate load* 0.00104 0.0076 0.0016 0.0008 0.0004 
 
  
Appendix E: Tables 
269 
 
 
Table 6 - 3 Critical values for the effect of 𝑏𝑝 𝑏𝑝⁄  ratio 
Variable/Effect 𝑏𝑝 𝑏𝑝⁄ =37.5 𝑏𝑝 𝑏𝑝⁄ =150 𝑏𝑝 𝑏𝑝⁄ =24 𝑏𝑝 𝑏𝑝⁄ =16.7 𝑏𝑝 𝑏𝑝⁄ =12.3 𝑏𝑝 𝑏𝑝⁄ =9.6 
First Crack Initiation Load(kN)/ 
Mode of failure 
93/ Debonding at 
plate end 
89/ Plate end 
debonding 
 
95/ Plate end 
debonding 
96/ Plate end 
debonding 
96/ Plate end 
debonding 
95/ Plate end 
debonding 
First total failure Load(kN)/ First 
Mode of failure 
128/ Plate end 
debonding 
130/ Plate end 
debonding 
127/ Plate end 
debonding 
127/ Plate end 
debonding 
127/ Plate end 
debonding 
126/ Plate end 
debonding 
Ultimate failure Load(kN)/ 
Ultimate Mode of failure 
134/ Cover Peeling 
at plate end 
135/ Cover Peeling 
at plate end 
133/ Peeling 133/ Peeling 132.6/ Peeling 132/ Peeling 
Sequence of main Modes of 
failure from first to last 
Plate end 
Debonding, Peeling 
(S12End, E11End) 
Plate end 
Debonding, Peeling 
(S12End, E11End) 
Plate end 
Debonding, Peeling 
(S12End, E11End) 
Plate end 
Debonding, Peeling 
(S12End, E11End) 
Plate end 
Debonding, Peeling 
(S12End, E11End) 
Plate end 
Debonding, Peeling 
(S12End, E11End) 
Cohesive Damage (%age)/ Scope 100%/ Plate end 100%/ Plate end 100%/ Plate end 100%/ Plate end 100%/ Plate end 100%/ Plate end 
Plate Strain at mid-span for 
Ultimate load 
0.0011225 0.00113 0.00112 0.00111 0.00111 0.00111 
Tension concrete strain at mid-
span for Ultimate load* 
0.00104 0.00107 0.00105 0.00104 0.00103 0.00102 
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Table 6 - 4 Critical values for the effect of 𝑏𝑝 
Variable/Effect 𝑏𝑝=4mm 𝑏𝑝=2mm 𝑏𝑝=3mm 𝑏𝑝=5mm 
First Crack Initiation Load (kN)/ 
Mode of failure 
93/ Debonding at plate end 113/ Flexural crack at plate 
end, 
Yielding 
106/ Flexural crack at plate 
end 
93/ Flexural crack at 
plate end, 
Debonding crack at 
plate end 
Second Crack initiation/ Mode of 
failure 
Interfacial crack underneath point loads at 
soffit (No complete debonding) 
114/ Debonding crack at 
plate end 
107/ Debonding crack at 
plate end 
- 
First total failure Load(kN)/ First 
Mode of failure 
128/ Plate end debonding 113/ Yielding 137/ Yielding 124/ Plate end 
Debonding 
Ultimate failure Load(kN)/ Ultimate 
Mode of failure 
134/ Cover Peeling at plate end 147/ Peeling 140/ Peeling 130/ Peeling 
Sequence of main Modes of failure 
from first to last 
Plate end Debonding, Peeling 
(S12End, E11End) 
Yielding, Plate end 
Debonding, Peeling 
(E11PlateMid, S12End, 
E11End) 
Yielding, Plate end 
Debonding, Peeling 
(E11PlateMid, S12End, 
E11End) 
Plate end Debonding, 
Peeling 
(S12End, E11End) 
Cohesive Damage (%age)/ Scope 100%/ PlateEnd 100%/ PlateEnd 100%/ PlateEnd 100%/ PlateEnd 
Rebar Strain at mid-span for Ultimate 
load 
0.00086 0.0032 0.001 0.0007 
Plate Strain at mid-span for Ultimate 
load 
0.0011225 0.0051 0.00139 0.0009 
Compression concrete strain at mid-
span for Ultimate load 
0.001 0.00185 0.0011 0.0009 
Tension concrete strain at mid-span 
for Ultimate load* 
0.00104 0.0053 0.00128 0.0008 
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Table 6 - 5 Critical values for the effect of  𝑙𝑝𝑠/𝐷 ratio: 
Variable/Effect  𝑙𝑝𝑠/𝐷= 2.6  𝑙𝑝𝑠/𝐷= 0  𝑙𝑝𝑠/𝐷= 1  𝑙𝑝𝑠/𝐷= 2 
First Crack Initiation Load(kN)/ Mode 
of failure 
93/ Debonding at plate end 9.5/ Flexural crack at 
plate end 
 
14/ Flexural crack at 
plate end 
31/ Flexural crack at 
plate end 
 
Second Crack initiation/ Mode of 
failure 
Interfacial crack underneath point loads at soffit 
(No complete debonding) 
33/ Debonding crack at 
plate end 
- - 
First total failure Load(kN)/ First Mode 
of failure 
128/ Plate end debonding 41/ Peeling 51.7/ Peeling 87/ Peeling 
Ultimate failure Load(kN)/ Ultimate 
Mode of failure 
134/ Cover Peeling at plate end (Same as above) (Same as above) (Same as above) 
Sequence of main Modes of failure 
from first to last 
Plate end Debonding, Peeling 
(S12End, E11End) 
Peeling 
(E11End) 
Peeling 
(E11End) 
Peeling 
(E11End) 
Cohesive Damage (%age)/ Scope 100%/ PlateEnd 100%/ Plate end 100%/ Plate end 100%/ PlateEnd 
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